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Abstract

We consider reinforcement learning (RL) in
episodic Markov decision processes (MDPs)
with linear function approximation under drift-
ing environment. Specifically, both the reward
and state transition functions can evolve over
time, constrained so their total variations do not
exceed a given variation budget. We first de-
velop LSVI-UCB-Restart algorithm, an op-
timistic modification of least-squares value itera-
tion combined with periodic restart, and bound
its dynamic regret when variation budgets are
known. We then propose a parameter-free algo-
rithm that works without knowing the variation
budgets, Ada-LSVI-UCB-Restart, but with
a slightly worse dynamic regret bound. We also
derive the first minimax dynamic regret lower
bound for nonstationary linear MDPs to show
our proposed algorithms are near-optimal. As a
byproduct, we establish a minimax regret lower
bound for linear MDPs, which was unsolved
by Jin et al.[(2020).

1. Introduction

Reinforcement learning (RL) is a core control problem in
which an agent sequentially interacts with an unknown en-
vironment to maximize its cumulative reward (Sutton &
Bartol 2018). RL finds enormous applications in real-time
bidding in advertisement auctions (Cai et al. [2017), au-
tonomous driving (Shalev-Shwartz et al., [2016)), gaming-
Al (Silver et al) 2018), and inventory control (Agrawal
& Jia, [2019), among others. Recent advances in RL rely
on function approximators such as deep neural nets to
overcome the curse of dimensionality for large-scale deci-
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sion making problems, i.e., the value function is approx-
imated by a function which is able to predict the value
function for unseen state-action pairs given a few train-
ing samples (Mnih et al., [2015} |Silver et al., 2017; |/Akkayal
et al.l |2019). Motivated by the empirical success of RL
algorithms with function approximation, there is growing
interest in developing RL algorithms with function ap-
proximation that are statistically efficient in the minimax
sense (Yang & Wangl 2019; Cai et al., [2020; Jin et al.,
2020; Modi et al 2020; Wang et al., [2020; |Wei et al.,
2020; Neu & Olkhovskaya, [2020; |Zanette et al., [2020).
One recent work also studies the instance-dependent sam-
ple complexity bound for RL with function approximation,
which adapts to the complexity of the specific MDP in-
stance (Foster et al., [2020). The focus of this line of work
is to develop statistically efficient algorithms with function
approximation for RL. Such efficiency is especially cru-
cial in data-sparse applications such as medical trials (Zhao
et al.l [2009).

However, all of the aforementioned empirical and theoret-
ical works on RL with function approximation assume the
environment is stationary, which is insufficient to model
problems with time-varying dynamics. In general nonsta-
tionary random processes naturally occur in many settings
and are able to characterize larger classes of problems of
interest (Cover & Pombra, (1989). In this work, we con-
sider the setting of episodic RL with nonstationary reward
and transition functions. To measure the performance of an
algorithm, we use the notion of dynamic regret, the perfor-
mance difference between an algorithm and the set of poli-
cies optimal for individual episodes in hindsight. For non-
stationary RL, dynamic regret is a stronger and more ap-
propriate notion of performance measure than static regret,
but is also more challenging for algorithm design and anal-
ysis. To incorporate function approximation, we focus on
a subclass of MDPs in which the reward and transition dy-
namics are linear in a known feature map (Melo & Ribeiro}
2007), termed linear MDP. For nonstationary linear MDPs,
we show that one can design a near-optimal statistically-
efficient algorithm to achieve sublinear dynamic regret as
long as the total variation of reward and transition dynam-
ics is sublinear.

Our contributions are two-fold. First, we prove the min-
imax regret lower bound for non-stationary linear MDPs.
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As a byproduct, we also derive the minimax regret lower
bound for stationary linear MDP, which is unsolved in (Jin
et al.l 2020). Second, we propose two algorithms to
learn the optimal policy for nonstationary linear MDPs that
achieve near-optimal regret. The first algorithm is based
on combining the periodic restart and optimistic in the face
of uncertainty principle, but requires the knowledge of the
environmental drift. To overcome the limitation of the
first algorithm, the second algorithm leverages the bandit-
over-bandit (Cheung et al., 2019) mechanism to become
parameter-free, only with a slight performance degrada-
tion.

Notation We use (-,-) to denote inner products in Eu-
clidean space, ||v||, to denote the Lo norm of vector v, and
|lv]| , to denote the norm induced by a positive definite ma-
trix A for vector v, i.e., [[v]|, = Vv Av. For an integer
N, we denote the set of positive integers {1,2,..., N} as
[V].

2. Preliminaries

We consider the setting of a nonstationary episodic
Markov decision process (MDP), specified by a
tuple (S,A7H7K,]P> = {P’;L}he[H],kG[K]ﬂA =
{TZ}he[H],ke[K]), where the set S is the collection of
states, A is the collection of actions, H is the length of
each episode, K is the total number of episodes, and P
and r are the transition kernel and deterministic reward
functions respectively. ~ Moreover, P§(-|s,a) denotes
the transition kernel over the next states if the action
a is taken for state s at step h in the k-th episode, and
¥ : 8 x A — [0,1] is the deterministic reward function at
step h in the k-th episode. Note that we are considering a
nonstationary setting, thus we assume the transition kernel
P and reward function r may change in different episodes.
We will explicitly quantify the nonstationarity later.

Given a policy 7, a level h € [H]| and a state s € S, the
value function at k-th episode is defined as

H
Z r,’i,(sh/,ah/ﬂsh = S‘| .

h'=h

Vf:k(s) =Er

Similarly, for a given state-action pair (s,a) € S X A, the
Q-funtion for policy 7 at step h in the k-th episode is de-
fined as

Qh.x(s,a) = r,’j s, @)

H
> i (swoan)lsh = s,an = a]

h'=h+1

+E,

To measure the convergence to optimality, we consider
an equivalent objective of minimizing the dynamic re-

gret (Cheung et al., 2020; Jin et al., [2020),

K
Dyn-Reg(K) =
k=1

Vilsh) = v (sh)]

We consider a special class of MDPs called linear Markov
decision process (Melo & Ribeirol 2007; Bradtke & Barto),
1996; Jin et al., 2020}, which assumes both transition func-
tion IP and reward function r are linear in a known feature
map (-, -). The formal definition is as follows.

Definition 1. (Linear MDP). The MDP (S, A, H, K, P, r)
is a linear MDP with the feature map ¢ : S x A — R%, if
forany (h, k) € [H] x K], there exist d unknown measures
Bk = (“%L,k’ e ,u%k)—r on S and a vector Oy, ), € R4
such that

]P’]Z(s/|s,a) = ¢(sva)—r“h,k(8/)v TZ(S,G) = d)(sva)—rah,k-

Without loss of generality, we assume ||¢p(s, a)|l, < 1 for

all (37 CL) €S X-A’ and maX{”“h,k‘ |2 ) th,kHQ} < ﬂfor
all (h, k) € [H] x [K].

Following (Besbes et al., 2014} /Cheung et al.|[2019;2020),
we quantify the total variation on g and 6 in terms of their
respective variation budget Bg and B,,, and define the total
variation budget B as the summation of these two variation
budgets:

K H
By = Z Z 10n1 — Onk—1ll,,

k=2 h=1

K H
Bu=Y_ > lltnn(S) = mui-1(S)ll,

k=2 h=1

where pp 1 (S) is the concatenation of pp i (s) for all
states.

3. Minimax Regret Lower Bound

In this section, we derive the minimax regret lower bound
for nonstationary linear MDPs. All of the detailed proofs
for this section are included in Appendix [A]

We first derive the minimax regret lower bound for station-
ary linear MDP by constructing hard instances, which ad-
dresses a problem proposed in (Jin et al., 2020).

Theorem 1. For any algorithm, ifd > 4 and T > 64(d —
3)2H, then there exists at least one stationary linear MDP
instance that incurs regret at least Q(dv HT).

Remark 1. Note that this lower bound is tighter than
simply applying the minimax regret lower bound for tab-
ular episodic MDP. Recall that the minimax regret lower
bound for tabular episodic MDP is Q) (v SAHT) (Osband
& Van Roy| |2016), and we can convert any tabular MDP
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into a linear MDP by setting the feature ¢(-,-) as an in-
dicator vector with d = S A dimension (Jin et al.l [2020).
Thus simply applying the regret lower bound for tabular

episodic MDP yields (s/dHT).

The key step of this proof is to construct the hard-to-learn
MDP instances. Inspired by lower bound construction
for stochastic contextual bandits (Dani et al., [2008; [Latti-
more & Szepesvari, 2020), we construct an ensemble of
hard-to-learn 3-state linear MDPs, which is illustrated in
Fig. [Tl This construction can be viewed as a generaliza-
tion of the lower bound construction for linear contextual
bandits (Dani et al., |2008; [Lattimore & Szepesvari, 2020).
The intuition is that the reward distributions under optimal
and suboptimal policies for these instances are close: thus
it is statistically hard for any learner to identify the opti-
mal policy. Each linear MDP instance in this constructed
ensemble has three states sg, s1, So (s1 and sy are absorb-
ing states), and it is characterized by a unique (d — 3)-
dimensional vector {4-+/(d — 3)H /v/T}?~3. Specifically,
the vector v defines the transition function of the corre-
sponding MDP, as illustrated in Fig. [I] Each action a of
this MDP instance is encoded by a (d — 3) dimensional

vector a € {:I:l/\/d - 3}d_3. The reward functions for
the three states are fixed regardless of the actions, specif-
ically, r(sg,a) = r(s2,a) = 0,7(s1,a) = 1,Va € A.
For each episode, the agent starts at sg, and ends at step H.
The transition functions of the linear MDP parametrized by
v are defined as follows,

P(s1|s0,a) =6 + {a,v), P(s2|s0,a)=1—08 —(a,v),
P(si|s1,a) =1, P(sa]sa,a) =1,

where § = %. Notice that the optimal policy for the MDP
instance parametrized by v is taking the action that max-
imizes the probability to reach s;, which is equivalent to
taking the action such that its corresponding vector a satis-
fies sgn(a;) = sgn(v;),Vi € [d — 3]. Furthermore, it can
be verified that the above MDP instance is indeed a linear
MDP, by setting:

¢(807a) = (07 17§u a)7¢(817a) = (1707076)7
¢(327a) = (07 170a6)7“(80) = (0,0,0,6),
/1/(51) = (1707 17’0)5”’(52) = (07 17 717 7’0)7
6= (1,0,0,0).

Remark 2. Note that the above parameters violate the nor-
malization assumption in Def.|I| but it is straightforward to
normalize them. We ignore the additional rescaling to clar-
ify the presentation.

After constructing the ensemble of hard instances, we can
derive the minimax regret lower bound for stationary linear
MDP. For the detailed proof, please refer to Appendix [A]

Figure 1. Graphical illustration of the hard-to-learn linear MDP
instances with deterministic reward.

Based on Thm. [T} we can derive the dynamic regret lower
bound for nonstationary linear MDP.

Theorem 2. For any algorithm, the dynamic regret is at
least Q(B/3d?/3 HY/3T?/3) for one nonstationary linear
MDP instance, ifd > 4, T > 64(d — 3)?H.

4. LSVI-UCB-Restart Algorithm

In this section, we describe our proposed algorithm
LSVI-UCB-Restart, and discuss how to tune the
hyper-parameters for cases when local variation is known
or unknown. For both cases, we present their respective
regret bounds. Detailed proofs are deferred to Appendix [B]

4.1. Algorithm Description

Our proposed algorithm LSVI-UCB-Restart has two
key ingredients: least-squares value iteration with up-
per confidence bound to properly handle the exploration-
exploitation trade-off (Jin et al.,|2020)), and restart strategy
to adapt to the unknown nonstationarity. The algorithm is
summarized in Alg. From a high-level point of view,
our algorithm runs in epochs. At each epoch, we first es-
timate the action-value function by solving a regularized
least-squares problem from historical data, then construct
the upper confidence bound for the action-value function,
and update the policy greedily w.r.t. action-value function
plus the upper confidence bound. Finally, we periodically
restart our algorithm to adapt to the nonstationary nature of
the environment.

4.2. Regret Analysis

Now we derive the dynamic
LSVI-UCB-Restart s first

regret bounds for
introducing  ad-

ditional notation for local variations. We et
H
Be,e = > okee 2on=110nk — Opp—1ll, and
H
Bue Zkeg Zh:1 ||Hh,k(5) - l‘h,k—l(S)Hz be

the local variation for 8 and g in epoch £.

We proceed to derive the dynamic regret bounds for two
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Algorithm 1 LSVI-UCB-Restart Algorithm
Require: time horizon 7', epoch size W

1: Set epoch counter j = 1.

2: while j <[] do

3 osett=(j—-1)%
4 forallk:T7T+1,...,min(7+%—
5: Receive the initial state s%.
6
7
8

1,K)do

for all step h = H ,1do
Ak Y (Sh7aél)¢(8%ﬂah) +1

(Ai) 1 Bshal)[rmash,ah) +

maXg, Qﬁﬁ(slh_H, a)]

9: Qh () — min{(w};) "o(--) +
Bl )l ary—» H}

10: end for

11: forallsteph=1,..., H do

12: take action a¥ < arg max, Q% (s¥,a), and ob-
serve s

13: end for

14:  end for

15: setj=j5+1
16: end while

cases: (1) local variations are known, and (2) local varia-
tions are unknown.

4.2.1. KNOWN LOCAL VARIATIONS

For the case of known local variations, the dynamic regret
upper bound for LSVI-UCB-Restart is as follows.

Theorem 3. If we set B = cdH+/log(2dT/p) +
Bog+/d(k—71) + BuegH+\/d(k —T), the dynamic re-
gret of LSVI-UCB-Restart is O(H3/2d3/2TW—1/2 +
BodW + B, dHW), with probability at least 1 — p

By properly tuning the epoch size W, we can obtain a tight
dynamic regret upper bound.

Corollary 1. Let W = [B2BT3q\3H-2/31H,
and = de /log (2dW/p) +
ng\/d —7) + BuegH+\/d(k—T) for each epoch.
LSVI-UCB-Restart achieves O(B'/3d*/3H*/3T?/3)
dynamic regret, with probability at least 1 — p.

Remark 3. Corollary|l|shows that if local variations are
known, we can achieve near-optimal dependency on the the
total variation Bg, B,, and time horizon I’ compared to the
lower bound provided in Thm[2] However, the dependency
ondand H is worse. This is not surprising since the depen-
dency on d and H is not optimal for LSVI—-UCB suggested
by Thm([l) thus it is impossible for LSVI-UCB-Restart
to achieve optimal dependency on d and H.

Remark 4. One concurrent work (Mao et all |2020)

studied nonstationary RL for the tabular setting; their
algorithm Restart—QUCB is also based on combin-

ing UCB and periodic restart. When specialized
to nonstationary tabular MDP, our algorithm achieves
O(BY/384/3 A*/3HA/3T2/3), whereas Restart-QUCB
achieves 6(31/351/3A1/3HT2/3) dynamic regret, with
better dependency on the size of state space and the plan-
ning horizon H. This better regret bound is achieved
by variance reduction for tabular MDP via reference-
advantage decomposition (Zhang et al.| | 2020).

4.2.2. UNKNOWN LOCAL VARIATION

If the local variations are unknown, the dynamic regret

bound is as follows.

Theorem 4. If we set [ = cdH/log(2dT/p),
then the dynamic regret of LSVI-UCB-Restart
is O(d3/2H3/2TW_1/2 + Bedl/QH—l/Qw3/2 4

B, d'/2HY/2W?3/2), with probability at least 1 — p

By properly tuning the epoch size W, we can obtain a tight
regret bound for the case of unknown local variations as
follows.

Corollary 2. Let W = [B~'/2TY2q'2H-Y21H and
Br = cdH+/log(2dW/p). Then LSVI-UCB-Restart
achieves O(Bl/4d5/4H5/4T3/4) dynamic regret, with
probability at least 1 — p.

Remark 5. Concurrently, (Touati & Vincent, |2020) pro-
pose to combine weighted least-squares value iteration and
optimistic principle to solve the same problem, achieving
the same regret.

S5.Ada-LSVI-UCB-Restart: a
Parameter-free Algorithm

In practice, the total variations Bg and B, are un-
known. To mitigate this issue, we leverage the
bandit-over-bandit mechanism (Cheung et al.l [2019)
to develop a new algorithm, ADA-LSVI-UCB-Restart.
ADA-LSVI-UCB-Restart keeps running
LSVI-UCB-Restart, and adaptively choose the
time to restart based on the historical rewards. The
pseudocode is summarized in Alg. |2} and the choices of
hyperparameters are included in the appendix.

Now we present the dynamic regret bound achieved by
Ada-LSVI-UCB-Restart, and we postpone the de-
tailed proof to the appendix.

Theorem S. The dynamic regret of
Ada-LSVI-UCB-Restart is O(BY4d>/* H/AT3/4),

Remark 6. The dynamic regret bound of
Ada-LSVI-UCB-Restart is on the same order as
that of LSVI-UCB-Restart when local variations are
unknown. Thus we do not lose too much by not knowing
local variations.
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Algorithm 2 ADA-LSVI-UCB-Restart Algorithm

Require: time horizon T, block length M, feasible set of
epoch size J,,
1: Initialize o, B, v and {q;,1};e(a) according to Eq.
2: foralli=1,2,...,[T/HM] do
3:  Receive the initial state s(li_l)H
4:  Update the epoch size selection distribution
{w1,i}1e[a) according to Eq.[14]
5:  Sample [; € [A] from the updated distribution
{ui1,i}1ea)» then set the epoch size for block 4 as
W, = LMli/UnA“JH.
6: forallt=(:—1)MH+1,... min(¢MH,T)do

7: Run LSVI-UCB-Restart algorithm with
epoch size W;
8: end for
9:  After observing the total reward for block 1,
R;(W;, sngl)H), update the estimated total reward

of running different epoch sizes {q i11}ic[a] ac-

cording to Eq.
10: end for

6. Conclusion and Future Work

In this paper, we studied nonstationary RL with time-
varying reward and transition functions. We focused on the
class of nonstationary linear MDPs such that linear func-
tion approximation is sufficient to realize any value func-
tion. We first incorporated the epoch start strategy into
LSVI-UCB algorithm (Jin et al., 2020) to propose an al-
gorithm with low dynamic regret when the total variations
are known. We then designed a parameter-free algorithm
that enjoys a slightly worse dynamic regret bound without
knowing the total variations. We derived a minimax regret
lower bound is for nonstationary linear MDPs to demon-
strate that our proposed algorithms are near-optimal. A
number of future directions are of interest. An immediate
step is to investigate whether the dependence on the dimen-
sion d and planning horizon H in our bounds can be im-
proved, and whether the minimax regret lower bound can
also be improved. It would also be interesting to investigate
the setting of nonstationary RL under general function ap-
proximation (Wang et al.,|2020), which is closer to modern
RL algorithms in practice.
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A. Proofs in Section

In this section, we prove the minimax regret lower bound of nonstationary linear MDP. We first prove the regret lower
bound of stationary linear MDP.

Proof of Theorem|l} Let P}, (assume ¢ is a multiple of H) be the probability distribution of

(o, S8 vl a2, S 2 G S U of running algorithm 7 on linear MDP parametrized by v. First note
that by the Markov property of 7, we can decompose Dk 1. (P, [|PF /) as

t/H H H
E:Ezhﬂjcp<§:rgagv>m»(EZTMaLz/>>.
=1 h=1 h=1

Recall that due to our hard cases construction, the first step in every episode determines the distribution of the total reward

of that episode, thus
H H
Dgr, (IP’ (Z rﬁl|al1,v> [|P (Z rﬁl|al1,vl>>
h=1 h=1

§+ (ak,v) 1—6—{(a},v)
=(0 ! log ————~ 4+ (1 -6 — (at log —— 2~ 1
I R e e W
We bound the KL divergence in (I)) applying the following lemma.
Lemma 1. (Auer et al|2010) If0 < ¢’ <1/2and e’ <1 — 20, then
& 1-¢ 2(")?
5/10gm+(175/)10g1_6/_6/§ 5

To apply Lemmal[] we let (a},v) +§ = &', (v — v',a}) = €. Thus we must ensure the following inequalities hold for
any a,v,v’:

(d—3)VH
_T+5§1/2

(v—"7'a) <

2(d—3)\/ﬁ<1_2<(d—3)\/ﬁ

+40] <1-26.
VT T )—

To guarantee the above inequalities hold, we can set § = i and let % < %. Now we get back to bounding Eq.

Let A = % and suppose v and v’ only differ in one coordinate. Then
1

2 2 8A? gy 16A% _ 64H
Uyl Uil o (d—3)?
Dkr, (IP’ <h§_1rh|a1,v> [P (hg_lrhml,v)) < 5o < 5(d—3)2 < T

Furthermore, let F; ; be the the following event:

({1 € [K] : sen(ab); # sen(0)}> 5K

Let g; ., = P[E; ., |v], the probability that the agent is taking sub-optimal action for the i-th coordinate for at least half
of the episodes given that the underlying linear MDP is parameteriezed by v. We can then lower bound the regret of any
algorithm when running on linear MDP parameterized by v as:

H
T

ﬁ

d—3
Regv(T) > ZQimK(H - 1)
i=1

> (ﬁ—ﬁ)g%,m 2)
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since whenever the learner takes a sub-optimal action that differs from the optimal action by one coordinate, it will incur
24/ % (H — 1) expected regret. Next we take the average over 2¢~3 linear MDP instances to show that on average it incurs

Q(dvV HT) regret, thus there exists at least one instance incurring 2(dv HT') regret. Before that, we need to bound the
summation of bad events under two close linear MDP instances. Denote the vector which is only different from v in i-th
coordinate as v®*. Then we have

Giv + Qi i = P[Ei,vi ’U} + ]P)[Ei)v@i v®i]
= BBy, [0] + P[0, [0

Y

1
5 eXp(—DKL (PT,'UHPT,vEBi))

5 exp(~64), 3)

Y

where the inequality is due to Bretagnolle-Huber inequality (Bretagnolle & Huber, |1979). Now we are ready to lower
bound the average regret over all linear MDP instances.

1
s S Rea, (1) 2
v

\/-EIT’_\/Edi3 i,v+ 1,097
ZTZZ%

/7HT . \/E d—3
T 9d3 Z Z %iv

v =1

i=1 v
> VHT*\/I?2d7316764
- 2d-3 4

> Q(dVHT)

(d—3)

where the first inequality is due to (2)), and the third inequality is due to (3). O

Based on Thm. |1} we can derive the minimax dynamic regret for nonstationary linear MDP.

Proof of Thm. 2| We construct the hard instance as follows: We first divide the whole time horizon T into (%] intervals,

where each interval has [%1 episodes (the last interval might be shorter if K is not a multiple of /V). For each interval, the

linear MDP is fixed and parameterized by a v € {iivf;%?’) 143 which we define when constructing the hard instances in

Thm. (1] Note that different intervals are completely decoupled, thus information is not passed across intervals. For each
interval, it incurs regret at least 2(dv H2N) by Thm. [} Thus the total regret is at least

DynReg(T) Z ([ 5] ~ 1)QVHEN)
> Q(dVH?2K2N~Y?), )

Intuitively, we would like N to be as small as possible to obtain a tight lower bound. However, due to our construction, the
total variation for two consecutive blocks is upper-bounded by

Note that the total time variation for the whole time horizon is B and by definition B > 2(3%3) (LX) — 1), which
impliesN > Q(B~2/3¢%/3 K?/3). Substituting the lower bound of N into (@), we have

Dyn-Reg(T) > Q(BY/3d*3K*/3H) > Q(BY3d?/3H/3T?/3)

which concludes the proof. O
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B. Proofs in Section 4

Here we provide the proofs in Sec. 4l First, we introduce some notations we use throughout the proof. We let wfb, AZ
and QZ as the parameters and action-value function estimate in episode k for step h. Denote value function estimate as
Vi (s) = max, Q¥ (s, a). For any policy , we let wp 1, Q} ;. be the ground-truth parameter and action-value function for
that policy in episode k for step h. We also abbreviate ¢(sj,, aj,) as ¢j,, and Er _pt .50y [Vat1(5")] = [P} Vis1](s, a), for
notational simplicity.

The regret bound analysis is not just a simple combination of (Jin et al.,|2020) and (Zhao et al.,2020), since the estimation
error incurred by environmental drift can propagate through the whole episode in an arbitrary manner. Contrarily for the

bandit problem, one need not consider the error propagation problem due to unit planing horizon. To derive the dynamic
regret upper bounds, we need the following lemma to control the fluctuation of least-squares value iteration.

Lemma 2. (Modified from (Jin et al.||2020)) Denote T to be the first episode in the epoch which contains episode k. There
exists an absolute constant C' such that the following event E,

k—1
Z ¢§L [th+1(8§z+1) - Pizvfﬁrl(sém a%)]

=T

(-

< CdH\log[2(cs + 1)dW/p], V(k,h) € € x [H].

happens with probability at least 1 — p/2.

We first work on the case when local variation is known and then consider the case when local variation is unknown.

B.1. Case 1: Known Local Variation

Before we prove the regret upper bound, we need some additional lemmas.
The first lemma is used to control the fluctuations in least-squares value iteration, when performed on the value function
estimate V}*(-) maintained in Alg.

Proof of Lemma The lemma is slightly different than Lemma B.3 in (Jin et al., |2020), since they assume P, is fixed
for different episodes. It can be verified that the proof for stationary case still holds in our case without any modifications
since the results in (Jin et al.,|2020) holds for least-squares value iteration for arbitrary function in the function class of our
interest, i.e., {V|V = {¢(-,-), w}, w € R4} O

We then proceed to derive the error bound for the action-value function estimate maintained in the algorithm for any policy.

Lemma 3. Under event E defined in Lemma we have for any policy 7w, Vs,a,h,k € S x A x [H] x &,
|<¢(s,a), w}li> - Qz,k(sva) - PZ(Vi{CJrl - Vhﬂ+1,k)(57 a)|§ Br ||¢(sva)||(A’}§)*1 ’

where 3, = CodH \/1og(2dW/p) + Bg e+/d(k — T) + B s H+\/d(k — T) and 7 is the first episode in the current epoch.
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Proof of Lemma(3} Note that Q7 , (s, a) = (¢(s,a), w] ,). First we can decompose wf — w7 , as

k
wy — W, = (A})~ Z‘ﬁh (shah) + Virpa (sha)] — wj

k—1 k—1
= (AR H=wi g+ Y DL Vi (shn) = PEVIT i (sho ab)] + Y @hlrh (shy afy) — i (s a1}
l=T1 =1

= —(A}) " "wf ) + (A7) 12‘% Vit1 (shat) = PR Vit (s, af)]
@

@

k—1
+ (AR BLIPL, — PV (sh al)] + (M) ™D @LPR(Vity — Vil 1) (s, ah)
l=7 =7

® @
Ak ! Zd)h shvah Tlli(sgmaﬁz)} :

®

We bound the individual terms on right side one by one. For the first term,

[(p(s,a), D)| = [(@(s,a), (AR) " w] )]
< [|oof k[ s )l -

< 21V | p(5,0) (g1 -

where the last inequality is due to Lemma[9] For the second term, we know that under event F defined in Lemma 2]

(@(s,a). @)|< CaH[log[2(cs + 1)dW/p] [ $(s,a)]| (np) - -

For the third term,

S
J

(@(s,0), @) =((s,a), (A7) D Gh[(Ph — Pi) Vit (sh, ah)])

T

~

<Z\¢ s,a) T (AR) T L I[(P), — PRV, (sh, af,)]
k—1

<BueH > |p(s,a)" (A}) " ¢}
l=7

k—1

k—1
<BueH\| 311605,y 1 | S(4)T(A) 1),
l=7

=71

<Vd(k—7)BueH ||¢(57G)H(Aﬁ)*l )

where the first three inequalities are due to Cauchy-Schwarz inequality and boundedness of P}, — P} and V}F, |, and the
last inequality is due to Lemma|T0}
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For the fourth term,

k—1
(9(5,0), @) = (@(s,0), (AD) ™! D_ P (Vilis = Vi ) (b ah)

l=7

k—1
= (p(s,a), (AF) ™D Bl ()" / (Vitea (") = Vity (7)) dpan e (5))
=71

= <¢>(8,a)»/(th+1 — Vil ) (8 )dpni(s) — (@(s, a), (A}) /(V;fﬂ = Vil i) (8))dpen e (s)),
® @

where (6) = [P}(V/F,, — Vire1 1)l(s,a) and @D < 2HVd | p(s, a)||(A;}3),1 due to Cauchy-Schwarz inequality.

For the fifth term,

<¢(57a)v©> = (¢( Z¢h 3h7ah rfb(siwalh)b

< Z\‘? s,a) " (AR) @ l[r] (sh, ah) — 7 (sh,, aj)|
< Vd(k —7)Bo.e ||é( s,a)||(A;}§),1 J

where the inequalities are derived similarly as bounding the third term. After combining all the upper bounds for these
individual terms, we have

(s, a), wr) — QF x(s,a) — Py (Vi — Vil p) (s,0)
<AHV | ¢(s,0) | (rg) -1 + CaHlog[2es + DAW/p) | d(s, )| x )+
+ Bo.e/d(k —7) || (s, a)ll(axy-1 + BusH\/d(k —7) || ¢(s, )l ag)-1
<CodHlog AW/ (5. -+ + Bo.ev/dTk — 1) (5.0 -
+ BueH\/d(k —7) || (s, a)ll(axy-1

The second inequality holds if we choose a sufficiently large absolute constant Cj. O

The next lemma implies that the action-value function estimate we maintained in Alg. [T]is always an optimistic upper
bound of the optimal action-value function with high confidence under event E defined in Lemma 2] if we know the local
variation.

Lemma 4. Under event E defined in Lemma (2} for episode k, if we set 5, = cdH+/log(2dW/p) + Bg g+/d(k —T) +

By eH\/d(k — ), we have
Qk(s,a) > Qhp V(s,a,h k) €S x Ax [H] xE.
Proof of Lemma] We prove this by induction. First prove the base case when h = H. According to Lemma [3] we have
[(d(s,a), wi) — Qi k(5,0)|< Br 6(s, ) a5)-1
which implies
Ql (5. a) = min{ (wl, $(s.0) + Be |9(s, )| a1 H} > Qir x5, 0).
Now suppose the statement holds true at step h + 1, then for step h, due to Lemmal[3] we have

(@ (s, a), wh> Qr, K(s,a) — PZ(VhI/C+1 = Vi) (s, @) < By ||¢(57a)||(1\;§)—1 :
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By the induction hypothesis, we have P} (V,F, | — V* " 1.1)(s,a) > 0, thus

QZ(‘S?CL) = min{<w}€7¢(87a)> + Bk H¢(8ﬂa)”(A’;{)*1 7H} 2 Qz,k(sva)'

O

Next we derive the bound for the gap between the value function estimate and the ground-truth value function for the
executing policy 7%, 6% = V}F(sF) — VhTZ (s5), in a recursive manner.

Lemma 5. Let §F = V}F(sF) — Vh’TZ (sF), ¢y = E[0f 4 |sy, af] — 6F ., . Under event E defined in Lemma we have for
all (k,h) € € x [H],

62 < 6}]j+1 + C}]§+1 + 2Bk quﬁ,”(/\i)—l :
Proof. By Lemmal[3| for any (s, a, h, k) € S x A x [H] x &,
k k
QZ(S,Q) - Q;Lr (Sva) S ]P;CL(V}{C+1 - V;Zr—s-l,k)(saa) + Zﬂk ”(b(saa)H(A’;{)*l .

Note that QF (s, af) = max, QF(sF,a) = VF(sf) according to Algorithm and Qz;(s’fl,aﬁ) = Vh”Z(s’fL) by the
definition. Thus,

Sy < 0k + Gy + 2B quﬁ”(/\’i)*l '

Now we are ready to derive the regret bound within one epoch.

Theorem 6. For each epoch & with epoch size W, set B in the k-th episode as By, = cdH+/log(2dW/p) +
B g+/d(k — 1)+ By cH+\/d(k — T), where c is an absolute constant and p € (0,1). Then the dynamic regret within that
epoch is O(H3/2d%/*W/2 + Bg ¢dW + B,, ¢dHW) with probability at least 1 — p.

Proof of Theorem[B], We denote the dynamic regret within that epoch as Dyn-Reg(€). We define d; = V¥ (sf;) — VT L (sF)
and (', = E[67 ,|sf,af]— 6, asin Lemma We derive the dynamic regret within a epoch & (the length of this epoch
is W which is equivalent to % episodes) conditioned on the event E defined in Lemmawhich happens with probability
atleast 1 — p/2.

Dyn-Reg(€) = > [Vt (sh) - Vi |
ke&

<> [viesh - v

ke&

<> of

ke&

H H
< chﬁ""zzﬁ’f Hd’]fiH(Ag)fl’ ®)
1

ke€ h=1 keKx h=

where the first inequality is due to Lemmafd] the third inequality is due to Lemma[5] For the first term in the right side, since
th is independent of the new observation s’fL, {¢ ;f} is a martingale difference sequence. Applying the Azuma-Hoeffding
inequlity, we have for any ¢ > 0,

H
P (Z d = t) > exp(—t?/(2W H?)).

ke& h=1
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Hence with probability at least 1 — p/2, we have

H
> ¢k < 2H/Wlog(2dW/p). (6)

ke& h=1

For the second term, we bound via Cauchy-Schwarz inequality:

QZBkZH(ﬁhH (ap)-1 = 2CodH y log 2(dW/p) ZZHQS}LH(A’“ -1 +QZB‘95 k-t ZH¢hH(Ak) 1

ke& h=1 ke& h=1 ke& h=1
+QZB Hy/d(k -7 ZH‘ﬁhH(M) 1
ke&
H
< 20ydH+\/1og 2(dW/p) Z VW/HS }|¢>,,H(Ak )12
ke&
+2Z 2395 Vd(k — 7)) Z||¢h||(/\k) 1
h=1 ke& ke&
H
+2 3 (37 Bue HValk =) (3 (|6l -0
h=1 ke& ke&

< 2CydH /log 2(dW/p) Z\/W/H ZH%H(M )/

ke&

w 2
+ 2 Z: BG,E\/aﬁ(Z H(ﬁZH(Aﬁ)’l)l/Z

kel

+2ZBang ZHqﬁhH(Ak )12 )

ke&

w
(ZHQ’)ZH?AQ)A)I/? < 4/dlog (H-i-l). (8)
ke&

Finally, by combining Eq.[5H8 we obtain the regret bound within the epoch £ as:
Dyn-Reg(E) < O(H32d3/?W/% 4 Bg ¢dW + B, edHW).

By Lemmal|IT] we have

By summing over all epochs and applying a union bound, we obtain the regret bound for the whole time horizon.

Theorem 7. If we set f = [ = cdH+/log(2dT/p) + Bec\/d(k —T) + BugH\/d(k — T), the dynamic regret of

LSVI-UCB-Restart is O(H3/2d*/>*TW /2 4+ BedW + B,dHW), with probability at least 1 — p.

Proof. Intotal there are N' = [ ] epochs. For each epoch & if weset§ = L, then it will incur regret O(d*/2H3/2W1/2+
Be.e,dW + By, ¢,dHW') with probability at least 1 — £-. By summing over all epochs and applying the union bound over
them, we can obtain the regret upper bound for the Whole time horizon. With probability at least 1 — p,

Dyn-Reg(T') = Z Dyn-Reg(&
&
<S> O(d*PHPW'? + Bg g, dW + Bye,dHW)
£

S OH3PABPTW =2 - BedW + B, dHW).
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B.2. Case 2: Unknown Local Variation

Similar to the case of known local variation, we first derive the error bound for the action-value function estimate main-
tained in the algorithm for any policy, which is the following technical lemma.

Lemma 6. Under event E defined in Lemma we have for any policy 7, Vs,a,h,k € S x A x [H] x &,
[{@(s, a), wp) — QF i(s,0) = PR(Viyy — Viliy 1) (s, @)|< Bllob(s, @)l ary—1 + Bo.eVd(k — 7) + Bu,g Hy/d(k — 1),
where 8 = CodH+/log(2dW /p) and T is the first episode in the current epoch.

Proof. This lemma is a looser upper bound implied by Lemma 3] By Lemma[3] we have
|<¢(S, a)7 w2> - Qz,k(& a’) - PZ(V}erl - Vhﬂ+1,k)(87 CL)|
<CodH\/1og(2dW/p) |¢(s, a)l[ ax)—1 + Bo.eVd(k = 7) |#(s, a)[ nr)
+ BueH\/d(k —7) ||¢(s,a)|| (px) -
<C,dH+/log(2dW/p) ||¢(s, a)H(A;;;),1 + Bg g/ d(k—T)
+ BuecH+\/d(k — 1),
where the second inequality is due to [|¢(s, a)|| < 1 and Apin(AF) > 1, thus (s, a)ll(pry-+ < 1. O
Different from Lemmald] when the local variation is unknown, the action-value function estimate we maintained in Algo-

rithm |1]is no longer an optimistic upper bound of the optimal action-value function, but approximately up to some error
proportional to the local variation. The rigorous statement is detailed in the following lemma.

Lemma 7. Under event E defined in Lemma ifwe set 8 = cdH+/log(2dW /p), we have
V(s,a,h k) € S x Ax [H| x €&,
Qi(s,a) > Qj . — (H —h+1)(Boe/d(k — ) + BueH+/d(k — 7)).
Proof of Lemma(7] We prove this by induction. First prove the base case when h = H. According to Lemmalf] we have

[(@(s,0), why) — Qi i(s,0)| < Bll@(s,a)ll (-1 + Be.eVd(k —7) + BueHy/d(k — 1),
which implies
Qi (s,a) = min{(w}y, ¢(s,a)) + Bl (s, )| px )-1 . H}
> Q}}’k(s, a) — (Boe\/dk —7)+ By cH\/d(k —T)).
Now suppose the statement holds true at step & + 1, then for step h, due to Lemmal6] we have

[(@(s,a), w};) — QF k(s,a) — PR (Viy — Vi1 4)(5,0))

<B (5, @)l a1 + Bo.e\/d(k — 7) + By Hr/d(k — 7).

By the induction hypothesis, we have [P} (V¥ ; —V; 4 )](s,a) > —(H —h+2)(Beg\/d(k — 1)+ Bu e Hy\/d(k — 7)),
thus

Qfi (s, ) = min{(w}, é(s,)) + B[ B(s, @) s, )1 H}
> Qhi(s,0) = (H —h+1)(Bog\/d(k — 7) + By g H\/d(k — 7).
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Similar to Lemma 5] next we derive the bound for the gap between the value function estimate and the ground-truth value
function for the executing policy ¥, 6% = V¥ (sk) — V;™, (s¥), in a recursive manner, when the local variation is unknown.

Lemma 8. Let 6 = VF(sF) — V,:Z (s§), CFyy = E[0F ,1|sF, af] — 6F, |. Under event E defined in Lemma we have for
all (k,h) € € x [H),
O < Giyr + Chin + 28| 0h[| px) 1 + Bo.eVd(k —7) + BugHy/d(k — 7).
Proof. By Lemmal@] for any (s, a, h,k) € S x A x [H] x £,
Qh(s.0) = QF (s,0) < PE(VIELy — Virty 1)(5.0) + 28165 0)| o -+ + Bo.e/d(k — 7) + Bue H\/dk — 7).

Note that Q% (sF,af) = max, Q¥ (sk,a) = V}¥(s¥) according to Algorithm and QZ;(SZ’@E) = Vh“,:(sﬁ) by the
definition. Thus,

OF < Of 1+ iy +28 H¢'ZH<A¢;>4 + Bog\/d(k —7) + B gH\/d(k — ).

Now we are ready to prove Theorem 8] which is the regret upper bound within one epoch.
Theorem 8. For each epoch E with epoch size W, if we set 8, = cdH +/log(2dW /p), where ¢ is an absolute constant

and p € (0,1), then the dynamic regret within that epoch is O(N'd3H3W + Bg g+/d/HW?3/? + B, ¢ /JdAHW?>/?) with
probability at least 1 — p, where Bg ¢ and B,, ¢ are the total variation within that epoch.

Proof of Theorem[8} We denote the dynamic regret within an epoch as Dyn-Reg(£). We define §F = Vi (sk) — Vh’r,i(s’ﬁ)
and ¢f, = E[6},,|sF, af] —5f, asin Lemmalg] We derive the dynamic regret within a epoch € (the length of this epoch

is W which is equivalent to % episodes) conditioned on the event & defined in Lemma [2| which happens with probability
atleast 1 — p/2.

Dyn-Reg(€)
=3 [Viwtsh) - v (sh)]
ke&
<Y VE(sk) + Bog H/d(k = 7) + BugH?\/A(k = 7) = Vi (s5)]
ke&
<> [0 + BogH\/d(k — 7) + By g H*\/d(k — 7)]
ke&
H H
<Ok 28 (6l aryr +2D- BoeHVA(k—7) +2 ) BueH*/d(k —7)
ke& h=1 ke& h=1 ke& ke&

H H
<Y DK +28Y 3 [ Bhll gy s + Bo.sW/2d(W/H +1) + BueW\/2d(WH + H) ©)

ke& h=1 ke& h=1

where the first inequality is due to Lemma [7] the third inequality is due to Lemma [§] and the last inequality is due to
Jensen’s inequality. Now we need to bound the first two terms in the right side. Note that {¢ ,’f} is a martingale difference
sequence satisfying |(¥|< 2H for all (k, h). By Azuma-Hoeffding inequality we have for any ¢ > 0,

H
P (Z d = t) > exp(—t?/(2W H?)).

k€& h=1

Hence with probability at least 1 — p/2, we have

H
SN ¢ < 2H /W log(2dW/p). (10)

ke& h=1
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w
< 2d1 —+1].
< 2atog (G +1)
By Cauchy-Schwarz inequality, we have

H H 1/2
35" okl < 3 VAT [zwh)( >—1¢;z]

ke& h=1 =1 ke&

< . -
H\/2d log( —|—1)

< H\/2dVIZ log [2dW/p]. (11)

For the second term, note that by Lemmafor any h € [H|, we have

[det(Ak“)

Z(¢h) (A7) "' < 2log dot(AL)

ke&

Finally, combining (@)—(TI), we have with probability at least 1 — p,

Dyn-Reg (&) < 2H /W log(2dW/p) + CodH?\/log(2dW) /p\/ ng log[2dW /p]

+ Bo.eW\/2d(W/H + 1) + By, eW/2d(WH + H)
< OVAH3W + B e \/dJHW?? + B,, e /dHW?/2),

O

Now we can derive the regret bound for the whole time horizon by summing over all epochs and applying a union bound.
We restate the regret upper bound and provide its detailed proof.

Theorem 9. If we set 8 = cdH+\/log(2dT/p), the dynamic regret of LSVI-UCB-Restart algorithm is
O(W=Y2T a2 H3/2 + Bed'/2H—Y2W3/2 + B, dY/2H'/>W?>/2), with probability at least 1 — p.

Proof. In total there are N = [ ] epochs. For each epoch &; if we set § = £, then it will incur regret O(VBH3W +
By g, \/d/H W32+ B e VadH W3/2) with probability at least 1 — & . By summing over all epochs and applying a union
bound over them, we can obtain the regret upper bound for the whole time horizon. With probability at least 1 — p,

Dyn-Reg(T ZDyn -Reg(&;) < ZO (VA3H3W + Bgg,\/d/HW?? + B, ¢, VAHW?/?)

O~(d3/2H3/2TW 1/2—|-Bgd1/2H_1/2W3/2+B“d1/2H1/2W3/2).

C. Detailed Description of ADA-LSVI-UCB-Restart

Inspired by bandit-over-bandit mechanism (Cheung et al.,|2019), we develop the ADA-LSVI-UCB-Restart. The key
idea is to use LSVI-UCB-Restart as a subroutine (set 3 = cdH +/log(2dT/p) since we assume total variations are
unknown), and periodically update the epoch size based on the historical data under the time-varying P and r (potentially
adversarial). More specifically, Ada-LSVI-UCB-Restart (Alg. ' d1v1des the whole time horizon into [+ M] blocks
of equal length M episodes (the length of the last block can be smaller than M episodes), and specifies a set Jyr from
which epoch size is drawn. For each block i € H%H, Ada-LSVI-UCB runs a master algorithm to select the epoch size
W; and runs LSVI-UCB-Restart with W; for the current block. After the end of this block, the total reward of this

block is fed back to the master algorithm, and the posteriors of the parameters are updated accordingly.

For the detailed master algorithm, we select EXP3-P (Bubeck & Cesa-Bianchi, |2012) since it is able to deal with non-
oblivious adversary. Now we present the details of Ada-LSVI-UCB-Restart. We set the length of each block M and
the feasible set of epoch size Jy as follows:

M = [5TY2d*?H=Y/?), Jyw = {H,2H,4H,... ,MH}.
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The intuition of designing the feasible set for epoch size Jyy is to guarantee it can well-approximate the optimal epoch size
with the knowledge of total variations while on the other hand make it as small as possible, so the learner do not lose much
by adaptively selecting the epoch size from Jy. This intuition is more clear when we derive the dynamic regret bound of
Ada-LSVI-UCB-Restart. Denoting |Jy|= A, the master algorithm EXP3-P treats each element of Jy as an arm
and updates the probabilities of selecting each feasible epoch size based on the reward collected in the past. It begins by

initializing
InA InA
o =095\ Arr/are P =\ Afr/aET (12)

InA

v =1.05 W

,qr1 = O7l € [AL (13)

where «, 8, are parameters used in EXP3-P and ¢ 1,] € [A] are the initialization of the estimated total reward of

running different epoch lengths. At the beginning of the block ¢, the agent first sees the initial state sgifl)H, and updates

the probability of selecting different epoch lengths for block 7 as

exp(aq,i) . (14)

- Zle[A] exp(aqi) A

ul,i = (1

Then the master algorithm samples [; € [A] according to the updated distribution {w; ;};c[a]; the epoch size WW; for the

block i is chosen as I;-th element in Jyy, | M*/ M1 | | After selecting the epoch size W;, Ada-LSVI-UCB runs a new

copy of LSVI-UCB-Restart with that epoch size. By the end of each block, Ada-LSVI-UCB-Restart observes
the total reward of the current block, denoted as R; (W}, s&lil)H), then the algorithm updates the estimated total reward of
running different epoch sizes (divide R; (W, s(ll_l)H) by M H to normalize):

B+ 1l = ,YRy(W;, s\ Yy MH
U '

)

qli+1 = qi + (15)

D. Proofs in Section 3

In this section, we derive the regret bound for Ada-LSVI-UCB-Restart algorithm.

Proof of TheoremP] Let R;(W, sgi_l)H) be the totol reward recieved in i¢-th block by running proposed

LSVI-UCB-Restart with window size IV starting at state sgi_l)H, we can first decompose the regret as follows:

K [T/ MH] [T/ MH]

* i—1)H i—1)H i—1)H

DynReg(T) = > Viw(sh) = Y RWHs{™" )+ S (R s V) = Rywr, 57707,
k=1 =1 =1

) @

where term (1) is the regret incurred by always selecting the best epoch size for restart in the feasible set Jy-, and term
() is the regret incurred by adaptively tuning epoch size by EXP3-P. We denote the optimal epoch size in this case as
W* = [(Bg + B, + 1)"Y2d"/2H'/2TY2] H. 1t is straightforward to verify that 1 < W* < MH, thus there exists a
Wt € Jy such that W < W* < 2WT, which well-approximates the optimal epoch size up to constant factors. Denote
the total variation of 6 and p in block i as Bg ; and B,, ; respectively. Now we can bound the regret. For the first term, we
have
[T/MH]
®< Z O~(d3/2H3/2MH(WT)71/2+B9 2_d1/2];]‘71/2(I/I/"i‘)?)/Q4»Bu id1/2H1/2(WT)3/2)
i=1
O(d3/2H3/2T(WT)—1/2 + Bedl/QH—l/Q(WT)E}/Q + Budl/QHl/Q(WT)3/2)
d3/2H3/2T(W*)71/2 4 Bed1/2H71/2(W*)3/2 4 Bud1/2H1/2(W*)3/2)
(BB + B“ + 1)1/4d5/4H5/4T3/4)7
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where the first inequality is due to Theorem@ and the third inequality is due to W differs from W * up to constant factor.
For the second term, we can directly apply the regret bound of EXP 3—-P algorithm (Bubeck & Cesa-Bianchi,|2012). In this
case there are A = In M + 1 arms, number of equivalent time steps is {ﬁ}, and loss per equivalent time step is bounded
within [0, M H]. Thus we have

@ < O(MH~\/AT/MH) < O(d"/*H3/4T3/%).,
Combining the bound of (1) and (2) yields the regret bound of Ada-LSVI-UCB-Restart,

Dyn-Reg(T) < O((Bg + B, + 1)YAdP /A HY/AT3/4),

E. Auxiliary Lemmas

In this section, we present some useful auxiliary lemmas.

Lemma 9. For any fixed policy m, let {w} \}he(m) ke(x) be the corresponding weights such that Q7 ;(s,a) =
(@(s,a),wy ) forall (s,a,h,k) € S x Ax [H] x [K]. Then we have

V(k,h) € [K] x [H], |wf,| <2HVd.
Proof. By the Bellman equation, we know that for any (h, k) € [H| x [K],
Qh k(s,a) = (ry JFP];LV}ZTH,IC)(S,“)
= O+ [ Vil (o). $(5.0)

= (wj 1., ¢(s, ),

where the second equality holds due to the linear MDP assumption. Under the normalization assumption in Def. [T} we
have |6y, x| < Vd, Vit ke < Hand [[pnk(s)]] < V/d. Thus,

i, < Vd+ HVd < 2HVd.

Lemma 10. Let A, =1 + 22:1 o/ @i, where ¢y € R?, then

t

> bl (M) i < d.

i=1

Proof. We have >>0_, & (M) 7'y = Y1, Tr(@) (M) "'hi) = Tr((A)™'3i_, i/ ). After apply eigen-
value decomposition, we have 22:1 (,bl-(i);'— = Udiag(\1,...,Aq¢) and A, = Udiag(A; + 1,...,As + 1). Thus
Y bl (M) = < d

]

Lemma 11. (Abbasi-Yadkori et al., [2011) Let {¢:}+>0 be a bounded sequence in R? satisfying Sup;>q ol < 1. Let

Ao € R4 be a positive definite matrix. For anyt > 0, we define Ay = Ao+ E;Zl ¢;r ;. Then if the smallest eigenvalue
of Ao satisfies Amin(Ag) > 1, we have

e[ ag] < e arhe < 2w [ 93]

j=1
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