The Importance of Non-Markovianity in
Maximum State Entropy Exploration

Mirco Mutti “'2 Riccardo De Santi* '3 Marcello Restelli !

Abstract

In the maximum state entropy exploration frame-
work, an agent interacts with a reward-free en-
vironment to learn a policy that maximizes the
entropy of the expected state visitations it is in-
ducing. [Hazan et al.|(2019) noted that the class of
Markovian stochastic policies is sufficient for the
maximum state entropy objective, and exploiting
non-Markovianity is generally considered point-
less in this setting.

In this paper, we argue that non-Markovianity is
instead paramount for maximum state entropy ex-
ploration in a finite-sample regime. Especially,
we recast the objective to target the expected en-
tropy of the induced state visitations in a sin-
gle trial. Then, we show that the class of non-
Markovian deterministic policies is sufficient for
the introduced objective, while Markovian poli-
cies suffer non-zero regret in general. However,
we prove that the problem of finding an optimal
non-Markovian policy is NP-hard. Despite this
negative result, we discuss avenues to address the
problem in a tractable way in future works.

1. Introduction

Several recent works have addressed Maximum State En-
tropy (MSE) exploration (Hazan et al.l 2019} [Tarbouriech
& Lazaric, 2019;|Lee et al., [2019; Mutt1 & Restellil [2020;
Mutti et al.,|2021bja; Zhang et al., 2020a; \Guo et al.| 2021}
Liu & Abbeel, [2021b}a; Seo et al.| 2021; |Yarats et al., [2021)
as a pre-training objective for online Reinforcement Learn-
ing (RL) (Sutton & Bartol [2018)). In this line of work, an
agent interacts with a reward-free environment (Jin et al.,
2020) in order to learn a general exploration strategy. The
aim of this strategy is to improve the sample efficiency of
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any RL task that could be specified over the same environ-
ment afterwards, serving as an exploratory initialization to
standard learning techniques, such as Q-learning (Watkins
& Dayan, |1992)) or policy gradient (Peters & Schaal, 2008).
To learn this strategy, the agent maximizes an entropic mea-
sure of the state distribution induced by its behavior over
the environment, effectively targeting a uniform exploration
of the state space. In tabular domains, optimizing this kind
of MSE objective is known to be provably efficient (Hazan
et al., 2019; Zhang et al., [2020b), whereas the obtained
exploratory strategy lead to outstanding empirical results
in continuous and high-dimensional domains as well, (e.g.,
Mutti et al.|, [2021b}; |Liu & Abbeel, [2021b).

All of the existing works pursuing a MSE objective solely
focus on Markovian exploration strategies, in which each
decision is conditioned on the current state of the envi-
ronment rather than the full history of interactions. This
choice is common in RL, as it is well-known that an optimal
deterministic Markovian strategy maximizes the usual cu-
mulative sum of rewards objective (Puterman), 2014). [Hazan
et al.| (2019, Lemma 3.3) note that the class of Markovian
strategies is sufficient for the standard MSE objective as
well. Indeed, a carefully constructed Markovian strategy
is able to induce the same state distribution of any history-
based (non-Markovian) one by exploiting randomization.
This result does not hold only for asymptotic state distribu-
tions (Putermanl, [2014)), but also for state distributions that
are marginalized over a finite horizon. Thus, there is little
incentive to consider more complicated strategies as they
are not providing any benefit for the entropy objective.

However, the intuition suggests that exploiting the history
of the interactions is useful when the agent’s goal is to
uniformly explore the environment. To this point, let us
consider an illustrative example in which the agent finds
itself in the middle of a two-rooms domain (as depicted
in Figure [T)), having a budget of interactions that is just
enough to visit every state within a single episode. It is
easy to see that an optimal Markovian strategy for the MSE
objective would randomize between going left and right
in the initial position, and then would follow the optimal
route within a room, finally ending in the initial position
again. An episode either results in visiting the left room
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Figure 1: Illustrative two-rooms domain. The agent starts
in the middle, colored traces represent optimal strategies to
explore the left room and the right room respectively.

twice, or the right room twice, or each room once, and all
of this outcomes have the same probability. Thus, the agent
might explore poorly when considering a single episode, but
the exploration is uniform in the average of infinite trials.
Arguably, this is quite different from how a human being
would tackle this problem, i.e., taking intentional decisions
in the middle position to visit a room before going to the
other. This strategy leads to uniform exploration of the
environment in any trial, but it is inherently non-Markovian.

Backed by this intuition, we argue that prior work does not
recognize the importance of non-Markovianity in MSE ex-
ploration due to an hidden infinite-samples assumption in
the objective. In this paper, we introduce a new finite-sample
MSE objective, which targets the expected entropy of the
state visitation frequency induced within an episode instead
of the entropy of the expected state visitation frequency
over infinite samples. In this finite-sample formulation non-
Markovian strategies are crucial, and we believe they can
benefit a significant range of relevant applications. For ex-
ample, collecting task-specific samples might be costly in
some real-world domains, and a pre-trained non-Markovian
strategy is essential to guarantee quality exploration even in
a single-trial setting. In another instance, one might aim to
pre-train an exploration strategy for a class of multiple envi-
ronments instead of a single one. A non-Markovian strategy
could exploit the history of interactions to identify the struc-
ture of the environment, then employing the environment-
specific optimal strategy thereafter. The aim of this paper is
to highlight the importance of non-Markovinaity to fulfill
the promises of MSE exploration.

In SectionE], we extend known results (Puterman, 2014 to
show that the class of Markovian strategies is sufficient for
any infinite-samples MSE objective. Then, in Section ] we
propose a novel finite-sample MSE objective and a corre-
sponding regret formulation. Especially, we prove that the
class of non-Markovian strategies is sufficient for the intro-
duced objective, whereas the optimal Markovian strategy
suffers a non-zero regret. However, in Section@, we show
that the problem of finding an optimal non-Markovian strat-
egy for the finite-sample MSE objective is NP-hard. Despite
the hardness result, we comment some potential options to
address the problem in a tractable way (Appendix [C). The
proofs of the theorems can be found in Appendix [A]

2. Preliminaries

In this section, we report the background and notation. We
will denote with A(X') a distribution over the space X', and
with [T the set of integers {0,...,T — 1}.

Controlled Markov Processes A Controlled Markov
Process (CMP) is a tuple M := (S, A, P, u), where S is
a finite state space (|S| = S), A is a finite action space
(A = A), P : 8§ x A — A(S) is the transition model,
such that P(s’|a, s) denotes the conditional probability of
reaching state s’ € S when selecting action a € A in state
s € S, and p : A(S) is the initial state distribution.

Policies A policy 7 defines the behavior of an agent
interacting with a CMP. It consists of a sequence of decision
rules 7 := (m;)72,. Each of them is a map between histories
h = (so,a0,.-.,at—1,5;) € H; and actions 7y : H; —
A(A), such that 7;(a|h) defines the conditional probability
of taking action a € A having experienced the history h €
‘H:. We denote as H the space of the histories of arbitrary
length. We denote as II the set of all policies, and as II”
the set of deterministic policies such that 7, : H; — A.
We denote as [Iny C 11 the set of Non-Markovian (NM)
policies, where each m € IInm collapses to a single time-
invariant decision rule 7 such that 7 : H — A(.A). We call
IIng C II the set of Non-Stationary (NS) policies, where
each 7 € Ilyg is defined through a sequence of Markovian
decision rules m = (m)$2, such that m; : S — A(A).
We call ITy; the set of Markovian (M) policies, where each
7w € Il collapses to a single, time-invariant, Markovian
decision rule 7 such that 7 : S — A(A).

State Distributions and Visitation Frequency A pol-
icy w € II interacting with a CMP induces a t-step state
distribution df(s) := Pr(s; = s|m) over S (Puterman,
2014). This distribution is described by the temporal rela-
tion df (s) = [g [, df_(s',a’)P(s|s',a’) ds’ da’, where
df(-,+) : A(S x A) is the t-step state-action distribution.
We call the asymptotic fixed point of this temporal relation
the stationary state distribution d%_(s) := lim;_, o d7 (s),
and we denote as d7(s) := (1 — ) 327 df (s) its -
discounted counterpart (y € (0,1) is the discount factor).
A marginalization of the ¢-step state distribution over a fi-
nite horizon T, i.e., df(s) 1= 7 > ,cir d7 (), is called
the marginal state distribution. The state visitation fre-
quency dp,(s) = 7 >ter) L(se = s|h) is a realization of
the marginal state distribution, such that Ej,,~ [d(s)] =
d7%.(s), where the distribution over histories p™ : A(H) is de-
fined as p7.(h) = p(so0) [L1er—1) m(aelhe) P(sit1lar, se).

Markov Decision Processes A CMP M paired with a
reward function R : § x A — R is called a Markov De-
cision Process (MDP) (Puterman, 2014) M := M U R.
We denote with R(s,a) the expected immediate reward,
and with R(h) = > ,c(q R(st, ar) the return over the
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horizon T'. the average return of a policy ™ over the
MDP M*# is defined as Jpr(m) = Eppr [R(R)], and
7% € argmax, 1y Japqr (1) is called an optimal policy.
Extended MDP  The problem of finding an optimal
non-Markovian policy with history-length 7" in an MDP
M e, miy € argmax, cp Jmr (), can be refor-
mulated as the one of finding an optimal Markovian pol-
icy myy € argmax, ., J A7¥(7T) in an extended MDP
ME = (S, A, P,R,Ji), in which 8 C Hizy = H1 U
...UMy, and § := (Sp,...,5_1) corresponds to a his-
tory in MP® of length |3, A = A, P(3'|3,a) = P(s' =
¥ ,ls=%_1,a=a),R(a) = R(s =5_1,a = a), and
[i(5) = p(s = 3) forany 5§ € S of unit length.

3. Infinite Samples: Non-Markovianity Does
Not Matter

Previous works pursuing maximum state entropy explo-
ration of a CMP consider an objective function of the kind:

Eoo(m) i= E(d”()) = _SE" [log d”(s)], (D

where d” (-) is either a stationary state distribution (Mutti &
Restellil 2020), a discounted state distribution (Hazan et al.,
2019; [Tarbouriech & Lazaricl [2019), or a marginal state
distribution (Lee et al.,[2019; Mutti et al., 2021b). [Hazan
et al.| (2019, Lemma 3.3) prove that the set of (randomized)
Markovian policies Iy is indeed sufficient for £, defined
over asymptotic state distributions. In the following theorem
and corollary, we build upon common MDP results (Puters
manl [2014) to show that ITy; suffices for €., defined over
(non-asymptotic) marginal state distributions as well.

Theorem 3.1. Let x € {00,v, T}, and let D%y = {dZ(-) :
7 € IInu}, DRg = {di () : @ € lins}, Dy = {d7 (") :
m € Iy} the corresponding sets of distributions. We can
prove that (i) the sets of stationary state distributions are
equivalent DR = DRy = Dyy, (ii) the sets of discounted
state distributions are equivalent DYy, = DYg = DY
for any =, (iii) the sets of marginal state distributions are
equivalent DLy, = DLy = DI} for any T.

From the equivalence of the sets of induced distributions, it
is straightforward to derive the following corollary.

Corollary 3.2. For every CMP M, there exists a Markovian
policy ™ € Iy such that T € arg max, oy Eoo (7).

As a consequence of Corollary [3.2] there is little incentive to
consider non-Markovian (or non-stationary) policies when
optimizing objective (I). In this paper, we show that this
underlying infinite-sample regime is the reason why the
benefit of non-Markovianity, albeit backed up by intuition,
does not matter. Instead, we propose a relevant finite-sample
entropy objective in which non-Markovianity is crucial.

4. Finite Samples: Non-Markovianity Matters

In this section, we reformulate the typical maximum state
entropy exploration objective of a CMP (TJ) to account for a
finite-sample regime. Crucially, we consider the expected
entropy of the state visitation frequency rather than the
entropy of the expected state visitation frequency, i.e.,

E(m):= E [E(dn(-)] == E_ E [logdy(s)].

h~pT, h~pF. s~dp
(2)

We note that () < E () for any 7 € II, which is trivial
by the concavity of the entropy function and the Jensen’s
inequality. Whereas (2) is ultimately an expectation as it
is (1), the entropy is not computed over the infinite-sample
state distribution d7.(-) but its finite-sample realization d, (-).
Thus, to maximize £(7) we have to find a policy inducing
high-entropy state visits within a single trajectory rather
than high-entropy state visits over infinitely many trajecto-
ries. Crucially, while Markovian policies are as powerful
as any other policy class in terms of induced state distribu-
tions (Theorem [3.1)), this is no longer true when looking at
induced trajectory distributions p7. Indeed, we show that
non-Markovianity provides a superior policy class for objec-
tive (2). First, we define a performance measure to formally
assess this benefit, which we call regret—to—gom

Definition 4.1 (Expected Regret-to-go). Consider a policy
7w € 1l interacting with a CMP over T steps. We define
the expected regret-to-go Rr_, at step t (i.e., from step t
onwards) of w as

[E(dns ()],

hr—t~pF.

where h%. = (hy,hk_,), he = (hi, ho_t) are concatena-
tions of the (T' — t)-step trajectories h._,, hp_y (starting
from sy ) and the t-step optimal trajectory hi ~ P
respectively. The term Ry () denotes the expected regret-
to-go of a T'-step trajectory hr starting from s ~ .

The intuition behind the regret-to-go is quite simple. Sup-
pose to have drawn a zero-regret trajectory h; upon step
t. If we take the subsequent action with the (possibly sub-
optimal) policy 7, by how much would we decrease (in
expectation) the entropy of the state visits E(dp.(+)) w.r.t.
an optimal policy 7*? In particular, we would like to know
how limiting the policy 7 to a specific policy class would
affect the expected regret-to-go and the value of £(7) we
could achieve. The following lemma shows that an optimal
non-Markovian policy suffers zero expected regret-to-go.

!Note that the entropy function does not enjoy additivity, thus
we cannot adopt the usual expected cumulative regret formulation.
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Lemma 4.2. For every CMP M, there exists a deter-
ministic non-Markovian policy mxy € IRy, such that
NM € arg max, cyyy,, € (), which suffers expected regret-
to-go Rr—+(mnm) = 0,V € [T).

Proof. The result Ry_i(mnm) = 0 is straightforward by
noting that the set of non-Markovian policies IIny with
arbitrary history-length is as powerful as the general set
of policies II. To show that there exists a deterministic
7nM, We consider the extended MDP /f\\/ljg obtained from
the CMP M as in Section[2] in which the extended reward
function is R(S,a) = Entropy(ds(-)) for every a € A
and every § € S such that [5| = T, and R(3,a) = 0
otherwise. Since a Markovian policy 7y € 112 on MZ
can be mapped to a non-Markovian policy mxy € TRy,
on M, and it is well-known (Puterman) [2014) that for any
MDP there exists an optimal deterministic Markovian policy,
we have that T\ € arg max, .y, jﬁ/TTR (7) implies TNy €
arg max, cyy,,, € (7). O
Whereas Lemma [£.2] ensures that the set of non-Markovian
policies IIxy is sufficient for the objective (2), we would
like to know if it is also necessary. Especially, we aim
to assess whether there exist CMPs in which a Markovian
policy 7 € IIy; would suffer non-zero regret-to-go. First,
it is worth showing that Markovian policies can rely on
randomization to optimize objective (2)).

Lemma 4.3. Let iy € HBM be a non-Markovian
policy such that myy € argmax, . E(m) on a CMP
M. The variance of an optimal Markovian policy m\ €
arg max, cyy,, £(m) is given by
Var [a] = Var [anm(hs)],
P

arvmn(s) hs~pNM

Vs € S,
where hs € H 7| is any history with final state s.

Proof Sketch. We can prove the result through the Law of
Total Variance (LoTV) (Bertsekas & Tsitsiklis|,[2002), which
gives Var, o, (s) [a] = Eppgprnnt [Var o s [a]] +
Vary,, pmm [Eooma(hs)lal],Vs € S. Then, exploiting
the determinism of 7w (through Lemma , it is straight-
forward to see that ]EhSNp;NM [VaraNﬂNM(hs) [a]]

0 and that Var, = [Eommn(hs)lal] =
Vary, o [mnm(Rs)], which concludes the proof. [

Especially, Lemma [.3] shows that, whenever the optimal
strategy for objective (@) (i.e., mnn) requires to adapt its
decision in a state s according to the history that led to it
(hs), an optimal Markovian policy for the same objective
(i.e., my) must be randomized. This is crucial to prove the
main result of this section, which establishes a lower R _,
and an upper Rr_; bound to the expected regret-to-go of
any Markovian policy that optimizes objective (2).

Theorem 4.4. Let my; € Il be a Markovian policy my €
argmax, cyy,, £(m) on a CMP M. Then, for any t € [T,
it holds Ryp_(mm) < Rr—¢(mm) < Rp—i(mm) such that
ET_t(TrM) _ Emam - Emar,2 Var
T (anm|se) hsy~p M
Emam - Emin,t

v (anm|st)

[ (hse)] s

Rr_i(mvm) = Var LSYUEDIR

hst NPTNM

where mxu € argmax ey E(m), anm = mnm(hi), and

E(d« 1y (-
hGH;r_l(?i{H*Tit ( (huh)( ))

s.t. Hyp_, = argmax E(d e ) (+))-
heHr ¢

Emaw,2 =

Proof Sketch. The crucial idea to derive lower and upper
bounds to the regret-to-go is to consider the impact of a sub-
optimal action in the best-case and the worst-case CMP re-
spectively (see Lemmal[A.1][A.2). This gives Ry —s(my) >
Emaa: - 71-M(aNM‘St)E177uJ,w - (1 - 7TM(C’/NM‘St>)E‘maav,2
and RTft(ﬂ-M) S Emaw - 7TM(aNM|St)E‘WLaa: - (1 -
T (axm|st)) Emin,t. Then, by combining the variance of
the Bernoulli distribution that controls the event of tak-
ing a sub-optimal action together with Lemma [4.3] we
get Vary wro (s [a] = mv(anmlse) (1 — mv(anmlse)) =
VarhStNP;NM [TrNM(hst)], which concludes the proof. [J

Theorem @basically states that, whenever the Markovian
policy (m) has to randomize its strategy at the step t, it
will suffer non-zero regret-to-go under the assumption that
M admits a unique optimal action axy in st Clearly, the
value of this regret is related to the probability of taking a
sub-optimal action (through 1/my(anm|s:)) and the vari-
ance of the optimal strategy in s; over the possible histories
(through Vary, ., _,m~n [N (hst)]). To compute the regret-
to-go exactly, one should have access to the full CMP M.
Instead, we provide upper and lower bounds to the regret
that only depend on the length of the remaining interaction
T — t. While at the final step t = T a policy cannot suffer
any regret, the earlier it pulls a sub-optimal action in the
interaction process, the more it might incur in a bad entropy
over this trajectory. The factor Ey, 4y — Epyin,¢ in the upper
bound quantifies how badly it can go in the worst possible
CMP, in which the agent never recovers from a sub-optimal
action. Instead, Fy, 45 — Emaz,2 in the lower bound quanti-
fies the regret caused by a sub-optimal action in the best-case
CMP, in which the negative impact of the sub-optimal action

2Note that this assumption could be easily removed by partition-
ing the action space in s; as A(s¢) = Aopt (st) U Asub—opt(St).
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is minimized. Note that, whenever the optimal decision in
s¢ does not depend on the history that lead to it (hs;), the
policy myr can act deterministically (my(anm|s¢) = 1) and
the regret-to-go, its lower bound, and its upper bound are si-
multaneously zero (through VarhStNP;NM [mnm (hst)] = 0).

Finally, although the objective (2 is non-additive across
time steps, we can still define a notion of pseudo-
instantaneous regret by comparing the regret-to-go of two
subsequent time steps. In the following, we provide the def-
inition of this expected pseudo-instantaneous regret along
with lower and upper bounds.

Definition 4.5 (Expected Pseudo-Instantaneous Regret).
Consider a policy m € 1l interacting with a CMP over
T steps. We define the expected pseudo-instantaneous regret
of mat t as () := max (0, Ry—(7) — Ry—4—1(7)).

Corollary 4.6. Let m\; € Iy be a Markovian policy such
that 1 € argmax, cpp,, E(m) on a CMP M. Then, for
any t € [T, it holds ry(mm) < ri(mm) < Fi(mm) such that

ﬂt(ﬂ'M) = max (07 Erax (Vt(ﬂ'M) - Vt+1(7TM))
— Bz 2Vi(mm) + Emm,t+1Vt+1(7TM)),
7i(my) = max (0, Ermaz (Vi(ma) = Viga ()

- Em,in,tvt (7TM) + Emax,ZVt+1(7TM))7

where

1
Vi(my) i= ———— Var

hsi)|.
WM(GNM‘St) hsproplNM [WNM( st)}

5. Complexity Analysis

It is now worth considering how hard it is to optimize the
objective (2) within the class of non-Markovian policies.
Especially, we aim at characterizing the complexity of

Wy := maximize &(m

0 mellnm ( )’

defined over a CMP M. First, we recall that W can be
rewritten as the problem of finding a reward-maximizing
Markovian policy, i.e., T\ € argmax, ¢y, jﬂg(w), over

a convenient extended MDP M £ obtained from CMP M
(see the proof of Lemma[4.2] for details). We call this prob-
lem ¥ and we note that ¥y € P, as the problem of finding
a reward-maximizing Markovian policy is well-known to
be in P for any MDP (Papadimitriou & Tsitsiklis, [1987)).
However, the following lemmas shows that it does not exist
a many-to-one reduction from ¥q to ¥y, and that U ¢ NP.

Lemma 5.1. A reduction ¥y <,, \TIO does not exist.

Lemma 5.2. ¥, ¢ NP.

As a direct consequence, ¥ ¢ NP-complete. We can now
prove the main theorem of this section, which shows that
W is NP-hard under the common assumption that P #£ NP.

Theorem 5.3. ¥, € NP-hard.

Proof Sketch. To prove that ¥y € NP-hard, it is sufficient
to show that there exists a problem ¥. € NP-complete so
that ¥, <,, ¥5. We show this by reducing 3SAT, which is
a well-known NP-complete problem, to ¥,. To derive the
reduction we consider two intermediate problems, namely
W, and ¥,. Especially, we aim to show that the following
chain of reductions holds

Wy >, Uy >, U, >, 3SAT.

First, we define ¥; and we prove that ¥y >, ¥,. Infor-
mally, ¥, is the problem of finding a reward-maximizing
Markovian policy my € Ty w.r.t. the entropy objective (2)
encoded through a reward function in a convenient POMDP
Mg. We can build Mvg from the CMP M similarly as

the extended MDP Mv¥ (see Section |2 and the proof of
Lemma [4.2] for details), except that the agent only access
the observation space €2 instead of the extended state space
S. In particular, we define 2 = S (note that S is the state
space of the original CMP M), and O(0]s) = S_;. Then,
the reduction ¥y >,, ¥; works as follows. We denote
as Zy, the set of possible instances of problem ¥;. We
show that W, is harder than ¥, by defining the polynomial-
time functions ¢ and ¢ such that any instance of ¥; can
be rewritten through v as an instance of ¥, and a solution
mym € IInm for W can be converted through ¢ into a solu-
tion 7y; € Iy for the original instance of W;. The function
Psets S = /@ and derives the transition model of M from
the one of ./\/lg, while ¢ converts the optimal solution of ¥
by computing 7 = >, cqy. p ™ (ho) iy (alho), where
H, stands for the set of histories h € H|7) ending in the
observation o € ). Thus, we have that ¥ >,, ¥; holds.
We now define W4 as the policy existence problem w.r.t.
the problem statement of W;. Hence, W5 is the problem
of determining whether the value of a reward-maximizing
Markovian policy my; € argmax, cyy,, J. ot (m) is greater
than 0. Since computing an optimal policy in POMDPs is
in general harder than the relative policy existence problem
(Lusena et al., 2001}, Section 3), we have that Uy >, Us.
For the last reduction, i.e., ¥5 >, 3SAT, we extend the
proof of Theorem 4.13 in (Mundhenk et al.| | 2000), which
states that the policy existence problem for POMDPs is
NP-complete. In particular, we show that this holds within
the restricted class of POMDPs defined in ;. Since the
chain ¥y >,, ¥y >, ¥y >, 3SAT holds, we have that
¥y >, 3SAT. Moreover, since 3SAT € NP-complete
and Uy ¢ NP (thanks to Lemma , we conclude that
WUy € NP-hard. O
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The Importance of Non-Markovianity in MSE Exploration

A. Missing Proofs
A.1. Proofs of Section[3]

Theorem 3.1. Let x € {c0,,T}, and let D&y = {dZ () : m € IInm}, Dg = {dZ(-) : w € Uns}, DYy = {dZ(-) = w €
Iy} the correspondmg sets of distributions. We can prove that (i) the sets of stationary state distributions are equivalent
D = DRy = Dy (i) the sets of discounted state distributions are equivalent DYy, = Dg = D} for any =, (iii) the
sets of marginal state distributions are equivalent D}, = D&y = DI, for any T.

Proof. First, note that a non-Markovian policy m € IIny can always reduce to a non-stationary policy m € Ilng by
conditioning the decision rules on the history length, or to a Markovian policy m € II; by conditioning the decision rules
on the last history entry. Thus, D, 2 Dgg 2 Di is straightforward for any x € {co,~,T}. From the derivations
in (Puterman, 2014, Theorem 5.5.1), we have that Dq 2 D as well. Indeed, for any non-Markovian policy 7 € IInwm,
we can build a non-stationary policy 7’ € IIxs as

dr(s,a)
dy(s) ’

7' = (7}, 7,...,m,...), suchthatm(a|s) =

Vs € §,Va € A.

For t = 0, we have that d(-) = dg () = p(-), which is the initial state distribution. We proceed by induction to show that
if ¥ ,(-) = dr ,(-), then we have

= Zd mii(als)P(s|s',a)

s’eSacA
/
= ZZ g ,d? 1(s",a)P(s]s',a)
563@6.4
7ZZd P(s]s',a) = d7(s).
s’€SacA

Since d (s) = d7 (s) holds for any ¢ > 0 and Vs € S, we have d”_(-) = d7. (-), dy() = d;r/(-), d7.(-) = dF. (-), and thus
D2 D D¥y,. Then, DE,, = DI follows.

(i) D = DR = Dyt
This result can be obtained with the same construction as before. Let us consider a non-Markovian policy 7 € IIny having
mixing time tyix 1= {t € N : sup,cs |d7(s) — df (s)| < e} for some mixing threshold e. Then, we can define a Markovian
policy my € Iy as my(als) = df_(s,a)/ dtm ),Vs € §,Va € A. If we construct the same non- statlonary policy
m, = (w},mh,...,7,...) € llxs as before, i.e., ' (als) = df (s,a)/df (s),Vs € S,Va € A,we have that dr' () =dr ()
for any ¢ > 0, and thus also for ¢ > ¢;x. This implies that 7, 7/, 7 all converges to the same stationary state distribution
dZ (-) = limy_,0 df (+) if we take the limit e — O on the mixing threshold. Then, we have DRy 2 DRy =2 Dyf and
D, = DL = DS

(ii) DYy = Dig = DY
We can prove the statement by showing that DY; O Dyg. To this purpose, let us define the T-bounded discounted state
distribution as df (-) := (1 v EtE[T y*df(-), such that limp o d7 1-(-) = df(-). Then, We consider a general
non-stationary policy m = (o, 7r1, ooy Ty ...) € lINg. We can build a Markovian policy n” € TIy as follows

o vtd’% )me(als)
Zt 0 th?(s)

7' (als) = , Vse S, Vae A

We prove by induction that such a policy 7’ induces the same T-bounded discounted state distribution of 7 for every T > 0.
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For T' = 1 we have dZ/T'T() = d5 7(-) = pu(+). Then, if dZ;ZT_l() =d p_4(), forevery s € S it follows

S () 5
= Z > to—m, > Aty (shmi(a'|s ) P(s]s' ')
sGSaeA > im0 YHE(s) =
dﬂFT 1 )T 2
Z Z 5 )thd“ 1(a'[s")P(s]s’,a)
t=0

sESaEA 'YT 1

Z ST N At (sm(a'|s ) P(s]s' )
t=0 s’eSa’eA

(1-9) —

t gm ™
=7 v'di (s) = df 1 (s).

(1=77T) =
Since the relation holds for any 7" > 0, we can take the limit for 7" — oo to have dZ;/ (-) = dZ(-), which gives Dy; 2 Dy
and then DY, = DYg = Dy

(iii) DNM = DNS = ’Dlj\;l

We can prove the statement by showing that DI, D D%;S. We consider a general non-stationary policy w1 =
(mo, 71, ...,y ...) € IIng. We can build a Markovian policy 7' € Il which marginalizes 7 over the time steps,

such that -
-2
dTr
7' (a]s) = =1=2 TEQ(S)M(GLS), Vs € §,Va € A.
=0 47 (s)

We prove the statement by induction. For T = 1 we have d}/ (1) = d5-(-) = p(-). Then, we can show that if d}lfl() =
dz._, (), it follows d%. (-) = dZ.(-). Especially,

T—1 T—2
/ 1 / 1 /
dip(s) =7 D d ()= > di () Y 7'(a|s)P(sls',a)
t=0 t=0 s’eS a’€A
1 ST=2 g () T2
=7 2 3 S S A m PGl )
seSa'eA 2uit=0 Y =0
_ dg“ 1 )T_Qdﬂ- / A P o
—*ZZ ) ¢ (s")mi(a’[s") P(sls’, a')
eSa’ G.A t=0
1 I= =
_ T "ot ron ™ _
LSS ) Y mlal )Pl ) = 3 dr) = dx )
t=0 s’eS a’€A t=0
holds for any s € S, thus D}; D D4 and Df,, = Dig = Di; follows. O

Corollary 3.2. For every CMP M, there exists a Markovian policy m* € Il such that 7 € arg max ¢y Eoo (7).

Proof. The result is straightforward from Theorem [3.]and noting that the set of non-Markovian policies ITnns with arbitrary
history-length is as powerful as the general set of policies II. Thus, for every policy m € II there exists a (possibly
randomized) policy " € II; inducing the same (stationary, discounted or marginal) state distribution of =, i.e., d"(:) =
d™ (-), which implies E(d"(-)) = E(d™ (-)). If it holds for any 7 € II, then it holds for 7* € arg max,c;; E(d"(-)). O
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A.2. Proofs of Section 4|

Lemma 4.3. Let iz € 1Ry be a non-Markovian policy such that Ty € arg max, o () on a CMP M. The variance
of an optimal Markovian policy m\; € arg max, ¢, £() is given by

Var [a] = Var N [WNM(hS)], Vs € S,

army(s) hs~ppN

where hs € H ) is any history with final state s.

Proof. Let us derive the variance of a policy 7 € Il in state s € S through the law of total variance (Bertsekas & Tsitsiklis,
2002). We have

i
= I’l*ll [Var [a|s,h]} +Vhar {]E [a|s,h]}.

™

Let h ~ p7., so that the variable a|s, h becomes a|hs where hs = (S0, ns, @0,hs, 51,hs; - - - St,hs = 5) € Hj7), to obtain
Var [a]s] = E [Var [a|hsﬂ + Var {E [a|hsﬂ (3)
™ hs~pZ, ™ hs~pZ L7

If we take the policy 7 that optimizes the objective (2), we have that the action a on the left-hand side of equa-
tion (3) is distributed according to my argmax, .y . £(m), while on the right-hand side is distributed according to

TNM arg Max, cyy.,, £ (), i.e.,
Var [a} = [ Var [a]} + Var [ [a]} . @)
aNTI'M(S) hswp;NM aNﬂ'NM(hS) hsz TNM aNTI'NM(hS)

From Lemma 4.2} we know that there exists a deterministic optimal non-Markovian policy mxy € 1Ry, which gives
Eppgprnnt [ Var, o (hs)[al] = 0in @) and concludes the proof. O

Lemma A.1 (Best-Case CMP). Let hy be a zero-regret trajectory of t-steps. Taking a sub-optimal action a; € A\ mxn(hy)
at step t in the best-case CMP M gives a final entropy

FE,, a Ent dips (¢ t.Hy_, =a ax Ent dp=
2=, WX ntropy(dns.ny(-)) st Hip_, urg max ntropy(dny ny ()

where the maximum is attained by

hr—i = (Smaw,2, Wp_y_1 € Hp_,) € argmax Entropy(d(h:7h)(~)),
heHT_ \Hi_,

in Which spqz 2 is any state that is the second-closest to a uniform entry in d( e Rr_)
£ —

Proof. The best-case CMP M is designed such that taking a sub-optimal action a; € A \ mxwm (h}) minimally decrease the
final entropy. Especially, instead of reaching at step ¢ + 1 an optimal state s,,., i.€., a state that maximally balances the
state visits of the final trajectory, the agent is drawn to the second-to-optimal state S, 2, from which it gets back on track
on the optimal trajectory for the remaining steps. Note that visiting $,,44,2 cannot lead to the optimal final entropy, achieved
when $,,4. 1S visited at step ¢ + 1, due to the sub-optimality of action ay. O
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Lemma A.2 (Worst-Case CMP). Let h} be a zero-regret trajectory of t-steps. Taking a sub-optimal action a; € A\mxm(hy)
at step t in the worst-case CMP M gives a final entropy

Epint = . r%in Entropy (alh;f,h(-))7

EHr—+

where the minimum is attained by

hy_; = (s; € argmax dp,; (s))iT:t+1 € arg min Entropy (dp; 4(+)).

SeES heHr_y

Proof. The worst-case CMP M is designed such that the agent cannot recover from a sub-optimal action a; € A\ mxm (b))
as it is absorbed by a worst-case state given the trajectory h;. A worst-case state is one that maximizes the visitation
frequency in A}, ie., s € argmax,cg dp:(s), so that the visitation frequency becomes increasingly unbalanced. A
sub-optimal action at the first step in M leads to T" — 1 visits to the initial state sy ~ u, and the final entropy is zero. [

Theorem 4.4. Let my; € Iy be a Markovian policy my € argmax, ¢, £(m) on a CMP M. Then, for any t € [T, it
holds Ry_,(mym) < Rr—i(mu) < Rr—i(ma) such that

Emax - Emaa: 2
R — mar mmar.e h
fT—t(WM) ™ (GNMISt) hstwgiNM [WNM< St)]v
) Emaa: - Emzn
Rr_i(my) = ——2 "t Var SYUEDIR

Tv(aNMm|St)  hsy~ptN

where Tnu € arg max ey E(m), anm = mwm(hy), and

E,uw =max E [E(th())]a

ﬂ-*enh;"—tNPQ*
mine =, min E(d; n)())
Emaz = max E(dn; )\
2= e M, (ding.m ()
s.t. Hy_, = argmax E(d(h;,h)('))-
heHr_¢

Proof. From the definition of the regret-to-go (Definition[4.1)), we have that

Rr_¢(my) = max E | [Entropy(dh;())] —

w*ell hi,_ ~p~ hr_t~p™

[Entropy(th(o))],

in which we substitute E,,,, = maX,«cr Eh*pppﬂ* [ Entropy (dh} ())] . To derive a lower bound and an upper bound to

Rr_+(m) we consider the impact that taking a sub-optimal action a € A\ {axwm} in state s; would have in a best-case and
a worst-case CMP respectively, which is detailed in Lemma[A.T|and Lemma[A2] Especially, we can write

7szt(TrM) - Emam - h ]EpWM [Entropy(th())]
T—t~Pp
Z Emaa: - 7T-M(aNM|St)E’maw - (1 - WM(aNlﬂlst))Emaw,Q

- (Emax - E’ma;ﬂ@) (1 - 7TNM(aNM|$1§))

and
7zT—t(T"M) = Enaz — E ” [EntrOpy(th('))]
hp_¢~op M
S Ema:c - WM(GNM|St)EmaI - (1 - WM(aNM|St))Emin,t
= (Emaw - Emznt)(l - 71—NM(aNM|St))-
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Then, we note that the event of taking a sub-optimal action a € A\ {annm} with policy 7y can be modelled by a Bernoulli
distribution with parameter (1 — v (anm \st)). By combining the equation of the variance of a Bernoulli distribution and
Lemma 3] we obtain

ks

Var [a] = WM(aNM|St)(1 - ﬂM(aNM|st)) = Var [WNM(hst)],
ar~mNM(St) hsgrop M

which gives

(Emaw - Emaz 2)
Roy_i(myv) > : Var T hsy)| =R s
7-+{me) 2 mu(anm|st) hswp”NM[ Nm( t)] Rer-i(m)

(Ema:c - Emin t) o
: Var ™ hs = Rr_(m
mm(anm|se)  hsi~pTM [ N t)] 7—t(m)

Rr—i(mm)

IN

O

Corollary 4.6. Let my; € I\ be a Markovian policy such that my € arg max, cy, £(7) on a CMP M. Then, for any
t € [T), it holds r,(mn) < re(mm) < Ti(mm) such that

ry(my) = max (07 Emax (Vt(T"M) - Vt+1(7TM))
— Bz 2Ve(mm) + Emin,t+lvt+1(7TM))7
Tt (,/TM) = max (07 Emam (Vt (’/TM) - Vt+1(7TM))

- Emin,tvt (7TM) + Emaw,QVt+1(7TM)>a

where
1
Vi(my) i= ———— Var [WNM(hst)}.

TM(ANM|S¢) hs~pmNM

Proof. From Definition[4.5] we have that r,(my) = Ry—¢ — Ry—¢—1. Recall that

ET_,:(T") =V (77) (Emam - Ema.’c,2)a ﬁT—f,(Tr) =V (77') (Emaac - Emvﬂn,t)a
from Theorem .4l We can write

ft(ﬁM) > ET_t - ﬁTftfl
= Emaa: (Vt(ﬂ-M) - Vt+1(7TM)) - Emaz,ZVt(ﬂ-M) + Emin,t+1vt+1(7TM)7

and

Ft(ﬂ'M) < ﬁT—t - ET7t71
= Enaa (Vt (WM) - Vt+1(7TM)) - Emin,tvt(ﬂ'M) + Emax,2vt+1(7TM)-

A.3. Proofs of Section

Lemma 5.1. A reduction ¥y <,, \Tfo does not exist.

Proof. In the general case, coding any instance of W in the representation required by \T/O holds exponential complexity
w.r.t. the input of the initial instance of U. O

Lemma 5.2. ¥, ¢ NP.
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Proof. This proof is based on the verifier-based definition of NP. According to this definition, given any instance I € Zy,
of problem V¥ and a candidate solution = € IInyy, if there exists an algorithm A that can verify the optimality of 7 in
polynomial time, then ¥y € N P. We prove that ¥y ¢ N P by showing that a polynomial time verifier does not exist for
any instance of the problem. It suffices to note that given a non-Markovian policy 7 € Ilny, i.., a candidate solution of an
instance of the problem W, a polynomial verifier A does not exist, since any possible verifier has to compute the objective
function for every possible well-defined non-Markovian policy in order to determine whether 7 is optimal according to Wy,
but this operation is exponential w.r.t. the input of Wy,. O

Theorem 5.3. ¥, € NP-hard.

Proof. To prove that ¥ € NP-hard, it is sufficient to show that there exists a problem ¥, € NP-complete so that ¥, <, Wy,
We show this by reducing 3SAT, a well-known NP-complete problem, to W,. To derive the reduction we consider two
intermediate problems, namely ¥, and W,. Especially, we aim to show that the following chain of reductions hold:

\IIO Zm \Ill zp \112 Zp 3SAT

First, we define ¥; and we prove that Uy >,, ¥;. Informally, ¥, is the problem of finding a reward-maximizing Markovian
policy my € IIy; w.rt. the entropy objective (2) encoded through a reward function in a convenient POMDP M, g. We can
build /\73 from the CMP M similarly as the extended MDP MR (see Sectionland the proof of Lemmafor details),
except that the agent only access the observation space Q) instead of the extended state space S.In particular, we define
2 = S (note that S is the state space of the original CMP M), O(om = 5_1, and the reward function R assigns value O to
all states 5 € S such that [s] # T, otherwise (if |5] = T') the reward corresponds to the entropy value of the state visitation
frequences induced by the trajectory codified through s.

Then, the reduction ¥y >,, ¥; works as follows. We denote as Zy, the set of possible instances of problem ;.
We show that Uy is harder than ¥, by defining the polynomial-time functions 1 and ¢ such that any instance of ¥; can be
rewritten through 1 as an instance of ¥, and a solution 7, € IInwm for ¥ can be converted through ¢ into a solution
my € Iy for the original instance of Wy.

P
Iq;l e Iq;o

|

* *
™ < s ™M

The function ¥ sets S = ) and derives the transition model of M from the one of ./,\/lvR, while ¢ converts the optimal
solution of ¥y by computing

T = Z pﬂNM ho)mi (alho) (5)
ho€H,

where H,, stands for the set of histories h € ’H[T] ending in the observation o € (). Thus, we have that ¥y >,, ¥; holds.

We now define U5 as the policy existence problem w.r.t. the problem statement of ;. Hence, ¥, is the problem of

determining whether the value of a reward-maximizing Markovian policy 7y, € arg max, . cry,, Jy;r (7) is greater than 0.
Q

Since computing an optimal policy in POMDPs is in general harder than the relative policy existence problem (?)][Section
3]lusena2001complexity, we have that ¥; >, U».

For the last reduction, i.e., ¥o >, 3SAT, we extend the proof of Theorem 4.13 in (Mundhenk et al., [2000),
which states that the policy existence problem for POMDPs is NP-complete. In particular, we show that this holds within
the restricted class of POMDPs defined in ¥;.

The restrictions on the POMDPs class are the following:

1. The reward function R(s) > 0 only in the subset of states reachable in T steps, otherwise R(s) =0

2. 18| =5 = 19"

Both limitations can be overcome in the following ways:
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Figure 2: In (a, d), we illustrates the 3State and River Swim CMPs. Then, we report the average entropy induced by an
optimal Markovian policy 7\ and an optimal non-Markovian policy s in the 3State (T = 9) (b) and the River Swim
(T = 10) (e). In (c) we report the entropy frequency in the 3State, in (f) the state visitation frequency in the River Swim. We
provide 95% c.i. over 100 runs.

1. It suffices to add states with deterministic transitions so that 7' = m - n can be defined a priori, where T is the number
of steps needed to reach the state with positive reward through every possible path. Here m is the number of clauses,
and n is the number of variables in the 3SAT instance, as defined in (Mundhenk et al., 2000)).

2. The POMDPs class defined by ¥, is such that S = |§|T Noticing that the set of observations corresponds with the set
of variables and that from the previous point 7' = m - n, we have that |§|T = n""", while the POMDPs class used by
the proof hereinabove has S = m - n2. Notice that n > 2 and m > 1 implies that n™™™ > m - n2. Moreover, notice
that every instance of 3SAT has m > 1 and n > 3. Hence, to extend the proof to the POMDPs class defined by ¥y it
suffices to add a set of states S, s.t. R(s) =0Vs € S,,.

Since the chain ¥y >, ¥y >, Uy >, 3SAT holds, we have that ¥y >, 3SAT. Moreover, since 3SAT € NP-complete and
Uy ¢ NP (thanks to Lemma , we conclude that ¥y € NP-hard. O

B. Numerical Validation

Despite the hardness result of Theorem[5.3] we provide a brief numerical validation around the potential of non-Markovianity
in MSE exploration. Crucially, the reported analysis is limited to simple domains and short time horizons, and it has to be
intended as an illustration of the theoretical claims reported in previous sections. Whereas a comprehensive evaluation of
the practical benefits of non-Markovianity in MSE exploration is left as future work, we discuss in Appendix [C|why we
believe that the development of scalable methods is not hopeless even in this challenging setting.

In this section, we consider a 3State (S = 3, A = 2,T = 9), which is a simple abstraction of the two-rooms in Figure[I] and
a River Swim (Strehl & Littman, 2008) (S = 3, A = 2, T = 10) that are depicted in Figure [2a] 2d|respectively. Especially,
we compare the expected entropy (2) achieved by an optimal non-Markovian policy 7xy € arg max, cyp, ., €(), which
is obtained by solving the extended MDP as described in the proof of Lemma[4.2] against an optimal Markovian policy
M € arg max, oy, €(), which is obtained from 7y through a marginalization over histories (as mentioned in the proof
sketch of Theorem @ In confirmation of the result in Theorem @], my cannot match the performance of Ny (see
Figure[2b] [2¢). In 3State, an optimal strategy requires going left when arriving in state O from state 2 and vice versa. The
policy mw is able to do that, and it always realizes the optimal trajectory (Figure[2c)). Instead, 7y is uniform in 0 and it
often runs into sub-optimal trajectories. In the River Swim, the main hurdle is to reach state 2 from the initial one. Whereas
myv and my are equivalently good in doing so, as reported in Figure 2f] only the non-Markovian strategy is able to balance
the visitations in the previous states when it eventually reaches 2. The difference is already noticeable with a short horizon
and it would further increase with a longer 7'.
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C. Discussion

Throughout the paper, we advocated for the importance of non-Markovianity when optimizing a finite-sample MSE objective,
but we also proved that the corresponding optimization problem is NP-hard in its general formulation. Despite the hardness
result, we believe that it is not hopeless to learn exploration policies with some form of non-Markovianity, while still
preserving an edge over Markovian strategies. In the following paragraphs, we discuss potential avenues to derive practical
methods for relevant relaxations to the general class of non-Markovian policies.

Finite-Length Histories Throughout the paper, we considered non-Markovian policies that condition their decisions on
histories of arbitrary length, i.e., 7 : H — A(A). However, the complexity of optimizing such policies grows exponentially
with the length of the history. To avoid this exponential blowup, one can define a class of non-Markovian policies
7w Hug — A(A) in which the decisions are conditioned on histories of a finite length H > 1 that are obtained from a
sliding window on the full history. The optimal policy within this class would still retain better regret guarantees than an
optimal Markovian policy, but it would not achieve zero regret in general. With the length parameter H one can trade-off
the learning complexity with the regret according to the structure of the domain. For instance, H = 2 would be sufficient to
achieve zero regret in the 3State domain, whereas in the River Swim domain any H < T would cause some positive regret.

Compact Representations of the History Instead of setting a finite length H, one can choose to perform function
approximation on the full history to obtain a class of policies 7 : f(#H) — A(A), where f is a function that maps an history
h to some compact representation. An interesting option is to use the notion of eligibility traces (Sutton & Barto} 2018]) to
encode the information of & in a vector of length .S, which is updated as z;11 < Az; + 15,, where A € (0,1) is a discount
factor, 14, is a vector with a unit entry at the index s;, and zy = 0. The discount factor A acts as a smoothed version of
the length parameter H, and it can be dynamically adapted while learning. Indeed, this eligibility traces representation is
particularly convenient for policy optimization (Deisenroth et al.l 2013)), in which we could optimize in turn a parametric
policy over actions 7g(+|z, A) and a parametric policy over the discount 7, (A). To avoid a direct dependence on .S, one can
define the vector z over a discretization of the state space.

Deep Recurrent Policies Another noteworthy way to do function approximation on the history is to employ recurrent neural
networks (Hochreiter & Schmidhuber}, |1997) to represent the non-Markovian policy. This kind of recurrent architecture is
already popular in RL. In this paper we are providing the theoretical ground to motivate the use of deep recurrent policies to
address maximum state entropy exploration.

Non-Markovian Control with Tree Search In principle, one can get a realization of actions from the optimal non-
Markovian policy without ever computing it, e.g., by employing a Monte-Carlo Tree Search (MCTS) (Kocsis & Szepesvari,
2006) approach to select the next action to take. Given the current state s; as a root, we can build the tree of trajectories
from the root through repeated simulations of potential action sequences. With a sufficient number of simulations and a
sufficiently deep tree, we are guaranteed to select the optimal action at the root. If the horizon is too long, we can still cut the
tree at any depth and approximately evaluate a leaf node with the entropy induced by the path from the root to the leaf. The
drawback of this MCTS procedure is that we would require to have access to a simulator with reset (or a reliable estimate of
the transition model) to actually build the tree.

Having reported interesting directions to learn non-Markovian exploration policies in practice, we would like to mention
some relevant online RL settings that might benefit from such exploration policies. We leave as future work a more formal
definition of the settings and an empirical study.

Single-Trial RL In many relevant real-world scenarios, where data collection might be costly or non-episodic in nature,
we cannot afford multiple trials to achieve the desired exploration of the environment. Non-Markovian exploration policies
guarantee a good coverage of the environment in a single trial and they are particularly suitable for online learning processes.

Learning in Latent MDPs In a latent MDP scenario (Hallak et al., 2015; Kwon et al.,[2021)) an agent interacts with an
(unknown) environment drawn from a class of MDPs to solve an online RL task. A non-Markovian exploration policy
pre-trained on the whole class could exploit the memory to perform a fast identification of the specific context that has been
drawn, quickly adapting to the optimal environment-specific policy.

To conclude, we believe that this work sheds some light on the, previously neglected, importance of non-Markovianity to
address maximum state entropy exploration, and we believe it can provide inspiration for future empirical and theoretical
contributions on the matter.
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