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Abstract
Natural policy gradient (NPG) methods with func-
tion approximation achieve impressive empirical
success in reinforcement learning problems with
large state-action spaces. However, theoretical
understanding of their convergence behaviors re-
mains limited in the function approximation set-
ting. In this paper, we perform a finite-time anal-
ysis of NPG with linear function approximation
and softmax parameterization, and prove for the
first time that widely used entropy regularization
method, which encourages exploration, leads to
linear convergence rate. We adopt a Lyapunov
drift analysis to prove the convergence results and
explain the effectiveness of entropy regularization
in improving the convergence rates.

1. Introduction
The goal of reinforcement learning (RL) is to sequentially
maximize the expected total reward in a Markov decision
process (MDP) (Sutton & Barto, 2018; Szepesvári, 2010;
Bertsekas & Tsitsiklis, 1996). Policy gradient (PG) meth-
ods, which aim to find the optimal policy in the parameter
space by using gradient ascent (Williams, 1992; Sutton et al.,
1999; Konda & Tsitsiklis, 2000), have demonstrated signifi-
cant empirical success in a broad class of challenging RL
problems (Mnih et al., 2016; Silver et al., 2016; Nachum
et al., 2017; Duan et al., 2016).

Among the variants of policy gradient methods, natural pol-
icy gradient (NPG), which uses Fisher information matrix
for pre-conditioning the gradient steps as a quasi-Newton
method (Amari, 1998; Kakade, 2001; Peters & Schaal, 2008;
Bhatnagar et al., 2007), has been particularly popular as a
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consequence of their impressive empirical performance and
flexibility with function approximation (Schulman et al.,
2015; Shani et al., 2020; Even-Dar et al., 2009). In prac-
tical applications, policy gradient methods are often com-
bined with an entropy regularizer to encourage exploration,
which yields considerably improved empirical performance
(Haarnoja et al., 2018; Nachum et al., 2017; Ahmed et al.,
2019).

Despite the impressive empirical success of the policy gradi-
ent methods in practical applications, particularly when used
in conjunction with function approximation and entropy reg-
ularization, their theoretical convergence properties remain
elusive. In the tabular setting, recent work show intriguing
linear convergence of NPG with entropy-regularization un-
der softmax parameterization (Mei et al., 2020; Cen et al.,
2020; Lan, 2021). This motivates us to address the following
open question in this paper: Do entropy-regularized NPG
methods with linear function approximation converge lin-
early to the optimal policy? We will answer the question af-
firmatively and shed light on the role of the practically-used
entropy regularization in the convergence of NPG methods
with function approximation assuming true gradient.

1.1. Main Contributions

In this paper, we establish sharp non-asymptotic bounds
on the global convergence of entropy-regularized natural
policy gradient under softmax parameterization with linear
function approximation. To the best of our knowledge, this
is the first work that shows linear convergence of NPG in
the function approximation regime. Our main contributions
include the following:

• Linear convergence of entropy-regularized NPG: We
prove for the first time that entropy-regularized NPG
under softmax parameterization and linear function ap-
proximation achieves exp(−Ω(T )) convergence rate,
up to a function approximation error, under a mild reg-
ularity condition on the basis vectors. We show that
entropy regularization encourages exploration so that
all actions are explored with some probability bounded
away from zero (Lemma 2), which leads to improved
convergence rates. This is an important step in explain-
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ing the empirical success of entropy regularization in
RL applications.

• Lyapunov drift analysis: Our results rely on an intuitive
Lyapunov drift analysis, which enables proving sharp
convergence bounds and also studying the impact of
regularization.

1.2. Related Work

NPG with function approximation: In (Agarwal et al., 2020),
unregularized NPG with softmax parameterization and lin-
ear function approximation was studied, and O(1/

√
T ) con-

vergence rate is proved. Our analysis is inspired by (Agar-
wal et al., 2020) to analyze entropy-regularized NPG. We
prove that e−Ω(T ) rate of convergence is achieved under a
mild regularity condition on the basis vectors. In (Wang
et al., 2019), O(1/

√
T ) rate of convergence for NPG with

neural network approximation is proved in the so-called
neural tangent kernel (NTK) regime.

NPG in the tabular setting: The convergence properties of
NPG in the tabular setting is relatively better understood
compared to the function approximation setting (Agarwal
et al., 2020; Bhandari & Russo, 2019; Cen et al., 2020;
Mei et al., 2020). In (Cen et al., 2020), linear conver-
gence of tabular-NPG is proved by exploiting a relation
to the policy iteration in the tabular setting. In another re-
cent work, (Mei et al., 2020) proves linear convergence of
entropy-regularized tabular-NPG by establishing a Polyak-
Łojasiewicz inequality. Similar results are obtained in (Lan,
2021) for more general regularizers. These results rely on
the properties of the tabular setting. In this article, we adopt
a different Lyapunov-drift approach, which makes use of
potential functions for the analysis in the function approxi-
mation setting.

2. System Model and Algorithms
In this section, we will introduce the reinforcement learning
setting and natural policy gradient algorithm.

2.1. Markov Decision Processes

In this work, we consider a γ-discounted Markov deci-
sion process (S,A,P, r, γ) where S and A are the state
and action spaces; P is a transition model r : S × A →
[rmin, rmax], 0 < rmin < rmax < ∞ is the reward func-
tion. In this work, we consider a finite but arbitrarily large
state space S and a finite action space A.

A randomized policy π : S → A corresponds to a decision-
making rule by specifying the probability of taking an action
a ∈ A at a given state s ∈ S. A policy π introduces a tra-
jectory by specifying at ∼ π(·|st) and st+1 ∼ P(·|st, at).

The corresponding value function of a policy π is as follows:

V π(s) = E
[ ∞∑
t=0

γtr(st, at)|s0 = s
]
, (1)

where at ∼ π(·|st) and st+1 ∼ P(·|st, at). For an initial
state distribution µ ∈ ∆(S), we define

V π(µ) =
∑
s∈S

µ(s)V π(s). (2)

Policy parameterization: In this work, we consider soft-
max parameterization with linear function approximation.
Namely, we consider the log-linear policy class Π = {πθ :
θ ∈ Rd}, where:

πθ(a|s) =
exp(θ>φs,a)∑

a′∈A exp(θ>φs,a′)
, (3)

for a set of d-dimensional basis vectors {φs,a ∈ Rd : s ∈
S, a ∈ A} with sups∈S,a∈A ‖φs,a‖2 ≤ 1, and policy pa-
rameter θ ∈ Rd. Π is a restricted policy class, which is a
strict subset of all stochastic policies (Agarwal et al., 2020).
We will aim to find the best policy within Π throughout this
paper.

Entropy regularization: The value function V πθ (µ) is
a non-concave function of θ ∈ Rd (Bhandari & Russo,
2019; Agarwal et al., 2020), and there exist suboptimal
near-deterministic policies. In order to encourage explo-
ration and evade suboptimal policies, entropy regulariza-
tion is commonly used in practice (Silver et al., 2016;
Haarnoja et al., 2018; Ahmed et al., 2019). For a policy
π ∈ Π, let Hπ(µ) = E

[∑∞
t=0 γ

tH
(
π(·|st

)∣∣∣s0 ∼ µ
]
,

whereH(π(·|s)) = −
∑
a∈A π(a|s) log

(
π(a|s)

)
is the en-

tropy functional. Then, for λ > 0, the entropy-regularized
value function is defined as follows:

V πλ (µ) = V π(µ) + λHπ(µ). (4)

Note that π0(·|·) = 1/|A|maximizes the regularizerHπ(µ).
Hence, the additional λHπ(µ) term in (4) encourages ex-
ploration increasingly with λ > 0.

Objective: The objective in this paper is to maximize the
entropy-regularized value function in (4) for a given λ > 0
and initial state distribution µ ∈ ∆(S):

θ∗ = arg max
θ∈Rd

V πθλ (µ), (5)

We denote the optimal policy as π∗ = πθ∗ throughout
the paper, and assume that ‖θ∗‖2 < ∞, or equivalently
infs∈S,a∈A π

∗(a|s) > 0, which automatically holds for suf-
ficiently large λ > 0.
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Q-function and advantage function: We define the
(entropy-regularized) Q-function under a policy π as fol-
lows:

Qπλ(s, a) = r(s, a) + γ
∑
s′∈S
P(s′|s, a)V πλ (s′). (6)

The advantage function under a policy π is defined as fol-
lows:

Aπλ(s, a) = Qπλ(s, a)− V πλ (s)− λ log π(a|s). (7)

We have the following characterization of V πλ (µ).

Proposition 1. For any π ∈ Π, λ > 0 and µ ∈ ∆(S), we
have:

V πλ (µ) =
∑

s∈S,a∈A
µ(s)π(a|s)

(
Qπλ(s, a)− λ log π(a|s)

)
.

We can bound the entropy-regularized value function by
using Prop. 1 as follows:

rmin
1− γ

≤ V πθλ (µ) ≤ rmax + λ log |A|
1− γ

, (8)

for any λ > 0, θ ∈ Rd, µ ∈ ∆(S) since r ∈ [rmin, rmax]
andH(P ) ≤ log |A| for any P ∈ ∆(A).

2.2. Policy Gradient Theorem and Compatible
Function Approximation

For any initial state distribution µ ∈ ∆(S), let

dπµ(s) = (1− γ)
∑
s0∈S

µ(s0)

∞∑
t=0

γtPπ(st = s|s0).

In the following, the gradient of the entropy-regularized
value function with respect to π is characterized by extend-
ing (Sutton & Barto, 2018).

Proposition 2 (Policy gradient). For any θ ∈ Rd, λ > 0
and µ ∈ ∆(S), we have:

∇θV πθλ (µ) =
1

1− γ
Es,a∼dπθµ ·πθ(·|s)

[
∇θ log πθ(a|s)

×
(
Qπθλ (s, a)− λ log πθ(a|s)

)]
,

where ∇θ log πθ(a|s) = φs,a −
∑
a′∈A πθ(a

′|s)φs,a′ .

By using Proposition 2, the gradient update of natural policy
gradient can be computed by the following lemma.

Lemma 1 (Compatible function approximation). Let

L(w, θ) = Es∼dπθµ ,a∼πθ(·|s)

[(
∇>θ log πθ(a|s)w

−
(
Qπθλ (s, a)− λ log πθ(a|s)

))2]
, (9)

Algorithm 1 Entropy-regularized NPG with step-size η > 0

Input: Step-size η > 0;
Initialize: θ0 = 0, i.e., π0(a|s) = 1

|A| for all s, a
for i = 1 to m− 1 do

Compute wt = wπtλ by using (11);
θt+1 = θt + ηwt;

end for

be the approximation error, and

Gπθλ (µ) = Es∼dπθµ ,a∼πθ(·|s)

[
∇θ log πθ(a|s)∇>θ log πθ(a|s)

]
,

be the Fisher information matrix under policy πθ. Then, we
have:

Gπθλ (µ)wπθλ = (1− γ)∇θV πθλ (µ), (10)

where
wπθλ ∈ arg min

w∈Rd
L(w, θ), (11)

for any θ ∈ Rd.

By using these results, we define the natural policy gradient
algorithm in the next subsection.

2.3. Natural Policy Gradient Algorithm with Entropy
Regularization

For simplicity, we assume access to exact policy evaluation
throughout the paper. Entropy-regularized NPG is defined
in the following.

For a constant step-size η > 0, the natural policy gradient
algorithm updates the parameter as follows:

θ ← θ + ηwπθλ , (12)

where wπθλ is obtained by (11). The pseudocode for NPG
with a constant step-size η > 0 is given in Algorithm 1. For
any t ≥ 0, we denote πt = πθt throughout the paper.

3. Main Results
In this section, we will prove that the entropy-regularized
NPG achieves linear convergence rate. We make the follow-
ing assumptions.
Assumption 1 (Concentrability coefficient). Let the con-
centrability coefficient be defined as

Ct = Es∼dπtµ ,a∼πt(·|s)

[(dπ∗µ (s)π∗(a|s)
dπtµ (s)πt(a|s)

)2]
.

We assume that there exists a constant C? < ∞ such that
Ct ≤ C? for all t.

Assumption 1 is a standard regularity assumption in the
theoretical analysis of RL algorithms (Wang et al., 2019;
Antos et al., 2008; Scherrer et al., 2015).



Entropy-Regularized Natural Policy Gradient with Linear Function Approximation

Assumption 2 (Approximation error). We assume that
minw∈Rd L(w, θt) ≤ εa, for all t ≥ 1.

This assumption is standard in the RL literature (Agarwal
et al., 2020; Wang et al., 2019; Liu et al., 2019). From
∇θ log πθ(a|s) for linear function approximation, we ob-
serve that εa is a measure of expressiveness of the lin-
ear function approximation with the basis vectors {φs,a :
(s, a) ∈ S ×A}.

Remark: Note that, for λ > 0 and d < |S ×A|, the approx-
imation error by the compatible function approximation is
positive, i.e., minw L(w, θt) > 0, even if Qπθλ can be per-
fectly approximated by the basis vectors {φs,a : (s, a) ∈
S × A}. This is because there is an additional term due
to entropy regularization −λ log πθ(a|s) in (9), which is
approximated by ∇>θ log πθ(a|s)w, and d should be large
for this approximation error to be small.

Assumption 3 (Regularity of the parametric model). Let

F (µ) = Es∼µ,a∼Unif(A)

[
ϕs,aϕ

>
s,a

]
,

where ϕs,a = φs,a − Ea′∼Unif(A)[φs,a′ ] We assume that
F (µ) is non-singular.

Assumption 3 is a regularity condition on {φs,a : (s, a) ∈
S × A}. It basically implies the initial Fisher informa-
tion matrix, Gπ0

λ (µ), is non-singular since σ1(Gπ0

λ (µ)) ≥
(1 − γ)σ1(F (µ)). Similar regularity conditions, such as
boundedness of the relative condition number, are assumed
in the RL literature (Agarwal et al., 2020).

Remark: The minimum eigenvalue of F (µ) is bounded
away from 0 for d < |S × A|, which is called the function
approximation regime, and typically decreases to 0 as d
increases, i.e., the tabular case.

The following is a key result in the convergence proof. We
denote the smallest eigenvalue of a matrix A as σ1(A).

Lemma 2 (Non-singularity lemma). Under Assumptions
1-3, there exist constants σ > 0 and p > 0 such that the
following holds under Algorithm 1:

inf
t≥0

σ1

(
Gπtλ (µ)

)
≥ σ,

inf
t≥0

min
a∈A

s∈supp(µ)

πt(a|s) ≥ p,

the step-size is η ≤ min
{

(1−γ)2σ2rmin
(rmax+λ log |A|)2 ,

1
2λ

}
.

Lemma 2 implies that all actions are explored with a proba-
bility bounded away from zero because of entropy regular-
ization.

Definition 1 (Potential function). For any π ∈ Π, we define

the potential function Φ : Π→ R+ as follows:

Φ(π) =
∑
s∈S

dπ
∗

µ (s)
∑
a∈A

π∗(a|s) log
π∗(a|s)
π(a|s)

,

=
∑
s∈S

dπ
∗

µ (s)DKL(π∗(·|s)‖π(·|s)).

where DKL is the Kullback-Leibler divergence.

Note that Φ(π) ≥ 0 for all π, and Φ(π) = 0 if an only if
π(·|s) = π∗(·|s) for all s ∈ supp(dπ∗µ ).

3.1. Main Convergence Result

The main result of this work is the following.
Theorem 1 (Convergence of entropy-regularized NPG).
Under Assumptions 1-3, the entropy-regularized NPG with
the constant step-size specified in Lemma 2 satisfies:

Φ(πT ) ≤ (1− ηλ)T log |A|+
√
C? · εa
λ

,

V π
∗

λ (µ)− V πTλ (µ) ≤
(
1− ηλ

)T log |A|
η(1− γ)

+

√
C? · εa

λη(1− γ)
,

for any T ≥ 1, where C? is the concentrability coefficient.

Note that the existing best-known convergence re-
sult for unregularized NPG with function approxi-
mation in (Agarwal et al., 2020) gives the bound

O

(
1

1−γ

√
log |A|
T +

√
C?εa

(1−γ)3

)
. Our result shows that us-

ing entropy regularization boosts the convergence speed of
NPG significantly: T = O

(
1
λη log

(
log |A|
η(1−γ)ε

))
iterations

are required to achieve an ε-optimal policy of the regular-
ized problem up to the compatible function approximation
error εa.

3.2. Proof Sketch

By using the smoothness of ∇θ log πθ(a|s) and perfor-
mance difference lemma (Kakade & Langford, 2002; Agar-
wal et al., 2020), we have the following drift bound:

Φ(πt+1)− Φ(πt) ≤ −ηλΦ(πt) + η
√
C?εa

− η(1− γ)
(
V π
∗

λ (µ)− V πtλ (µ)
)

− η
∑
s,a

dπ
∗

µ (s)π∗(a|s)V πtλ (s) + η2‖wt‖22.

By Lemma 2,

η2‖wt‖22 ≤
2η2

σ2(1− γ)2

(∑
s

dπtµ (s)V πtλ (s)
)2

.

The step-size specified in Lemma 2 implies that

−η
∑
s,a

dπ
∗

µ (s)π∗(a|s)V πtλ (s) + η2‖wt‖22 ≤ 0.
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Then, by induction, we prove both non-singularity of
Gπtλ (µ) and the drift bound. The convergence results in
Theorem 1 follows directly by using the drift bound for
Φ(πt) and then to bound the optimality gap. The detailed
analysis can be found in Appendix.

4. Conclusion and Future Work
In this work, we analyzed the convergence of natural
policy gradient under softmax parameterization with lin-
ear function approximation, and established sharp finite-
time convergence bounds. In particular, we proved that
entropy-regularized NPG with linear function approxima-
tion achieves linear convergence rate, which is significantly
faster than the sublinear rates previously obtained in the
function approximation setting.
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A. Convergence Analysis of Entropy-Regularized NPG
In this section, we will prove Theorem 1. The following lemmas will be useful in the proof.

Lemma 3 (Performance difference lemma). For any θ, θ′ ∈ Rd and µ ∈ ∆(S), we have:

V πθλ (µ)− V πθ′λ (µ) =
1

1− γ
Es∼dπθµ ,a∼πθ(·|s)

[
A
πθ′
λ (s, a) + λ log

πθ′(a|s)
πθ(a|s)

]
, (13)

where Aπθλ is the advantage function defined in (7).

Lemma 3 is an extension of the performance difference lemma in (Kakade, 2001).

The following lemma directly follows from log πθ(a|s) = φs,a − Ea′∼πθ(·|s)φs,a′ , and it was first used in (Agarwal et al.,
2020).

Lemma 4 (Smoothness of log πθ(a|s)). For any (s, a) ∈ S ×A, log πθ(a|s) is smooth:

‖∇θ log πθ(a|s)−∇θ log πθ′(a|s)‖2 ≤ ‖θ − θ′‖2, (14)

for any θ, θ′ ∈ Rd.

The proof of Theorem 1 relies on a Lyapunov analysis with the Lyapunov function Φ in Definition 1.

Proof of Theorem 1. For any t ≥ 0, we have the following Lyapunov drift inequality:

Φ(πt+1)− Φ(πt) =
∑
s,a

dπ
∗

µ (s)π∗(a|s) log
πt(a|s)
πt+1(a|s)

, (15)

≤ −η
∑
s,a

dπ
∗

µ (s)π∗(a|s)∇>θ log πt(a|s)wt +
η2‖wt‖22

2
, (16)

which follows from the smoothness of log πθ(a|s) shown in Lemma 4 (Agarwal et al., 2020). Then, by adding and
subtracting the advantage function Aπtλ (s, a) into the sum on the RHS of the above inequality, and using the definition of
Aπtλ (s, a), we have:

Φ(πt+1)− Φ(πt) ≤ −η
∑
s,a

dπ
∗

µ (s)π∗(a|s)
(
∇>θ log πt(a|s)wt −

(
Qπtλ (s, a)− λ log πt(a|s)

))
− η

∑
s,a

dπ
∗

µ (s)π∗(a|s)V πtλ (s)− ηλΦ(πt)− η(1− γ)
(
V π
∗

λ (µ)− V πtλ (µ)
)

+
1

2
η2‖wt‖22, (17)

where we used Lemma 3 for
∑
s,a d

π∗

µ (s)π∗(a|s)
(
Aπtλ (s, a) + λ log πt(a|s)

π∗(a|s)

)
. In the following, we bound the terms in (17).

−η
∑
s,a

dπ
∗

µ (s)π∗(a|s)
(
∇>θ log πt(a|s)wt −

(
Qπtλ (s, a)− λ log πt(a|s)

))
≤ η

√∑
s,a

dπ∗µ (s)π∗(a|s)
(
∇>θ log πt(a|s)wt −

(
Qπtλ (s, a)− λ log πt(a|s)

))2

,

≤ η
√
CtL(wt, θt)

≤ η
√
C?εa, (18)

where the second inequality holds by Cauchy-Schwarz inequality and Assumption 1, which implies Ct ≤ C? <∞, and the
last inequality follows from Assumption 2.
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By the entropy-regularized NPG update, we have

wt =
1

1− γ

[
Gπtλ (µ)

]−1

∇θV πtλ (µ).

We have ‖∇θ log πt(a|s)‖2 ≤ 2 by Cauchy-Schwarz inequality. From Proposition 2, we conclude that:

‖∇θV πtλ (µ)‖2 ≤
2

1− γ
Es∼dπtµ ,a∼πt(·|s)[Q

πt
λ (s, a)− λ log πt(a|s)], (19)

since Qπtλ (s, a)− λ log πt(a|s) ≥ 0. By Proposition 1, this implies the following:

‖∇θV πtλ (µ)‖2 ≤
2

1− γ
∑
s

dπtµ (s)V πtλ (s). (20)

By Lemma 2, we have ‖[Gπtλ (µ)]−1‖2 ≤ 1/σ. Using these two results with Cauchy-Schwarz inequality, we obtain:

‖wt‖2 ≤
2/σ

1− γ
∑
s

dπtµ (s)V πtλ (s). (21)

By substituting (18) and (21) into (17), we have the following inequality:

Φ(πt+1)− Φ(πt) ≤ −ηλΦ(πt)− η(1− γ)
(
V π
∗

λ (µ)− V πtλ (µ)
)

+ η
√
C?εa

− η
∑
s,a

dπ
∗

µ (s)π∗(a|s)V πtλ (s) +
2η2

σ2(1− γ)2

(∑
s

dπtµ (s)V πtλ (s)
)2

, (22)

where the step-size η is chosen to make the summation of the last two terms on the RHS negative by using the bounds on
V πλ (s) provided in (8). Therefore, we have the following Lyapunov drift inequality:

Φ(πt+1)− Φ(πt) ≤ −ηλΦ(πt)− η(1− γ)
(
V π
∗

λ (µ)− V πtλ (µ)
)

+ η
√
C?εa. (23)

We will use (23) in two ways to obtain the results in Theorem 1. First, note that

Φ(πt+1) ≤ (1− ηλ)Φ(πt) + η
√
C?εa. (24)

By induction and noting that Φ(π0) ≤ log |A|, we obtain:

Φ(πT ) ≤ (1− ηλ)T log |A|+
√
εaC?

λ
, (25)

for any T ≥ 1.

Using the bound on Φ(πT ) and rearranging the terms in the Lyapunov drift inequality (23), we bound the optimality gap:

V π
∗

λ (µ)− V πTλ (µ) ≤
(
1− λη

)T log |A|
η(1− γ)

+

√
εaC?

λη(1− γ)
,

which concludes the proof.

In the following, we provide a proof sketch for Lemma 2.

Proof sketch for Lemma 2. The proof consists of three steps.

Step 1: For any policy π ∈ Π with mina∈A,s∈supp(µ) π(a|s) ≥ p for p > 0, we can show that σ1(Gπλ(µ)) ≥ σ(p) > 0 for
some σ(p) > 0 under Assumption 3. The proof follows from noting that

u>F (µ)u =
∑
s

µ(s)Vara∼Unif(A)(φ
>
s,au),
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for any u ∈ Rd. Therefore, for any u ∈ Rd and s ∈ S such that µ(s)Vara∼Unif(A)(φ
>
s,au) > 0, we have

µ(s)Vara∼π(·|s)(φ
>
s,au) > 0 since mina∈A π(a|s) > 0.

Step 2: In the second step, we show that Φ(π) ≤ ε for ε > 0 implies the following:

π(a|s) ≥ exp
(
− ε

δ∗µ(s, a)
− H(π∗(·|s))

π∗(a|s)

)
= p∗(s, a, ε) > 0,

for any s ∈ supp(dπ∗µ ) where δ∗µ is the state-action visitation distribution under π∗. This bound directly follows from the
definition of the potential function Φ (see Definition 1).

Step 3: Let p = mins∈µ(s),a∈A p
∗(s, a, ε) for

ε = log |A|+
√
C? · εa
λ

.

For any policy π ∈ Π with
min

s∈supp(µ),a∈A
π(a|s) ≥ p,

we have shown in Step 1 that σ1(Gπλ(µ)) ≥ σ(p) = σ. Let the step-size be η ≤ min{σ2η0,
1

2λ} where

η0 =
(1− γ)2rmin

(rmax + λ|A|)2
,

and let
τ = inf

{
t ≥ 1 : η > min

{(
σ1(Gπtλ (µ)

)2

η0,
1

2λ

}}
.

Then, the inequality (25) holds for any t < τ . Lemma 2 holds if and only if τ =∞. Suppose to the contrary that τ <∞.
Hence,

Φ(πτ ) ≤ (1− λη)τ log |A|+
√
C? · εa
λ

,

≤ log |A|+
√
C? · εa
λ

,

which implies
min

s∈supp(µ)
a∈A

πτ (a|s) ≥ p,

and therefore σ1(Gπτλ (µ)) ≥ σ(p) by Step 1, which contradicts with the definition of τ . This implies that τ =∞. Hence,
the inequality in (25) holds and we have mins∈supp(µ),a∈A πt(a|s) ≥ p > 0 and σ1(Gπtλ (µ)) ≥ σ(p) = σ > 0 for any
t ≥ 1, which concludes the proof.


