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Abstract

We consider the off-policy evaluation problem
in POMDPs. Prior work on this problem uses a
causal identification strategy based on one-step
observable proxies of the hidden state (Tennen-
holtz et al., 2020a). In this work, we relax the
assumptions made in the prior work by using
spectral methods. We further relax these assump-
tions by extending one-step proxies into the past.
Finally, we derive an importance sampling algo-
rithm which assumes rank, distinctness, and posi-
tivity conditions on certain probability matrices,
and not on sufficiency conditions of observable
trajectories with respect to the reward and hidden
state structure required in the prior work.

1. Introduction

We consider the problem of estimating the value of an
evaluation policy given access only to a batch of trajec-
tories obtained from the behavior policy, known as the off-
policy evaluation (OPE) problem. The OPE problem is
well-motivated by its application to real-world scenarios
in which the deployment of the evaluation policy is poten-
tially too costly for its performance to be determined by
directly intervening with it, but rather must be inferred from
previously existing data under a different policy. As an ex-
ample, in healthcare settings, it may be unsafe to directly
test a new experimental treatment with potentially unknown
side-effects; thus reasoning based on previous treatment
strategies to infer a new treatment’s efficacy is necessary.

We consider the regime of Partially Observable Markov
Decision Processes (POMDPs), in which one has access
only to observable trajectories under the behavior policy,
which do not include underlying latent states (i.e. hidden
confounders), and must infer the value of the evaluation
policy given only these observables. In particular, just as in
(Tennenholtz et al., 2020a), we consider the setting in which
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the behavior policy depends on the latent state, whereas the
evaluation policy at any given time step depends only on
the observed history up to that time step. This choice is
motivated, for example, by the medical treatment scenario
described in (Tennenholtz et al., 2020a): one must determine
the effectiveness of the evaluation treatment, given access
to the behavior treatment administered by a doctor who
had access to—and thus, acted according to—unobserved
confounders such as the patient’s socioeconomic status and
insurance coverage. This choice in the structure of behavior
and evaluation policies captures the realistic possibility that
historical data may depend on hidden confounders which
we are unable to observe or act upon.

In this work, we first generalize the method of (Tennenholtz
et al., 2020a). Motivated by spectral learning in Predictive
State Representations (PSRs) and Hidden Markov Models
(HMMs) (Boots et al., 2011; Kulesza et al., 2015; Hsu et al.,
2012), we give an estimator whose rank assumptions scale
with the size of the hidden state space. We then give further
weaker assumptions by using multi-step proxies for hidden
state, rather than the one-step proxies of (Tennenholtz et al.,
2020a), by using the entire extended history preceding the
confounder as one of the proxies, rather than just the previ-
ous time step. Along the way, we show that there is difficulty
in using extended futures for the other proxy (which would
further relax rank assumptions). Finally, by extending the
eigendecomposition technique of (Kuroki & Pearl, 2014),
we provide an Importance Sampling (IS) algorithm which
requires only rank conditions on certain probability matrices
and not the sufficiency assumptions of (Tennenholtz et al.,
2020a).

2. Related Work

OPE in POMDPs Most closely related to our work is
that of (Tennenholtz et al., 2020a), who consider the finite-
horizon OPE problem in tabular POMDPs by extending
the work of (Miao et al., 2018) and writing the probabil-
ity of seeing reward r, in terms of matrices of observable
probabilities, whose dimensions scale with the size of the
observation space, Z, and which are required to be invert-
ible. They further develop a Decoupled POMDP model
which factors the state space, U, into both observed and un-
observed variables, allowing for a modified OPE algorithm
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whose observable matrices scale with |I/|, which is often
much smaller than |Z|. Our work mitigates difficulty in the
general POMDP setting by requiring that the observable
matrices have rank |U/|, rather than | Z|, and further relaxes
assumptions by extending histories.

Causal effect identification Our work is closely related
to the use of negative controls to minimize confounding bias
in the causal inference literature. Of particular interest is
(Miao et al., 2018) and (Kuroki & Pearl, 2014), who con-
sider the static problem of identifying the causal effect of
one variable on another, assuming multiple observable prox-
ies of the latent confounder. (Kuroki & Pearl, 2014) first
identify the confounder’s error mechanism via eigenvalue
analysis and then use the matrix adjustment method (Green-
land & Lash, 2012) to determine the causal effect, while
(Miao et al., 2018) directly determine the causal effect with-
out identifying any of the aspects of the confounding model,
allowing for weaker assumptions. Our work generalizes
the latter’s results and extends to the setting of POMDPs,
similar to (Tennenholtz et al., 2020a). We extend the for-
mer’s analysis to give an IS algorithm which does not rely
on sufficiency assumptions.

3. Preliminaries

POMDPs A POMDRP is a 7-tuple (U, Z, A,O0,T, R, H),
where / and Z denote the hidden state and observa-
tion spaces, respectively, A denotes the set of actions, O
gives observation emission probabilities, 7' governs the
hidden state transition dynamics, R is a (potentially non-
deterministic) function of the hidden state and action giving
the reward, and H denotes the horizon. In this work, we
assume that the sets I/, Z, and A are all finite.

Using the notation of (Tennenholtz et al., 2020a),
a trajectory 7 of length ¢ denotes a sequence
(uo, 20, G0, - - - s Ut 2t,a¢) while 7° denotes the ob-
servable trajectory (2o, ag, - . . , 2¢, a). We use Ty to denote
the set of trajectories of length ¢, and, correspondingly,
T,° to denote the set of observable trajectories of length
t. Additionally, an observable history of length ¢ is given
by a sequence of the form (zo,aq,...,a;—1,2¢), and is
denoted by h?. Finally, we will assume the existence of an
observation z_; preceding the initial time step which is
conditionally independent of zy and ag given ug.

Policies Let 71, and 7. denote the behavior and evaluation
policies, respectively. As mentioned in the introduction, we
consider the setting in which the behavior policy at time

step t, wét), is a stochastic function of the hidden state, w,

whereas the evaluation policy at time ¢, wét) , is a stochastic
function of only the observable history, h7. Additionally,

we consider the finite-horizon undiscounted setting so that

for any policy 7 (either depending on observable histories
or hidden state), its value vy (7) is given by E [Zio rt] ,
the expected sum of rewards seen by following 7. Finally,

let P’ and P¢ denote measures over trajectories induced by
the behavior and evaluation policies, respectively.

In addition to the above, we also use the double vertical bar
notation of (Boots et al., 2011) to indicate intervening. For
example, P[z, ..., 2t||ao, . ..,a:—1] denotes the probabil-
ity of seeing the observation sequence (2o, . . ., 2¢), given
that we intervened with actions ag, ..., a;_1.

Problem Formally, the OPE problem asks, given a batch
of observable trajectories collected under the behavior pol-
icy, to estimate the value of the evaluation policy. In other
words, we must estimate vy (7. ) given only observable tra-
jectories from P?.

For convenience, we use the vector notations of (Ten-
nenholtz et al., 2020a). For example, let the ran-
dom variables x,y,z be supported on the sets X =
{21, 20 1Y = {y1,- sy}, Z = {21, 205 )
respectively. Then P(y|X),P(X),P(Y|z,Z) denote
a row vector, column vector, and matrix, respec-
dvely with (P(yIX)); = Prlyla, (P(X)); =
Priz;], (P(Y|z,2));; = P(yi|lx,z;). In general, a set
(always denoted by a capital letter) before (after) the condi-
tioning bar indicates vectorization across rows (columns).

3.1. One-Step Proxies

We now briefly review the POMDP OPE algorithm of (Ten-
nenholtz et al., 2020a), who approach the OPE problem
by directly estimating P¢(r;) which can then be used to
estimate vy (7). They make the following assumptions on
observable probability matrices.

Assumption 1. P*(Z;|a;, Z;_1) is invertible Vi < H,a; €
A

Defining II¢(7°) = H:ZO e (a;|h?), they give the follow-
ing estimator:

Theorem 1. Under Assumption 1, P¢(r.) can be written as

Z He(TO)Pb(Tt,Zt\amth)
7—067;{7
0
: H (P*(Zislaivr, Zi) " P*(Ziga, zilai, Zio1))

i=t—1

- P*(Zolag, Z-1) "' P"(Zo). (1)

The proof is made possible by first noting that

Pe(r) = Y T(r°)P’(re, 20,21, - 20llao, - ar),
Toeﬂo

2)
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Figure 1. Causal diagrams for proxies of the confounder u;: one-
step proxies (a), multi-step histories (b), multi-step histories, multi-
step futures (c), and multi-step futures with reward-observation
outcome (d).

and then, at each time step ¢, statically viewing z;_1 as an
observable proxy emitted by the latent state u;, giving the
causal diagram in Figure 1(a) which implies that the proxies
z; and z;_ are conditionally independent given u;, allowing
for the application of the identification scheme of (Miao
et al., 2018) to identify Pb(’l"t, Dty Bt —Ty ey Zo||a0, ey at).

4. Relaxing Rank Assumptions

As Pb(Z7;|a,-, Zi—l) = Pb(Z1;|a,-, Uq)Pb(U”aZ, Zi—l), As-
sumption 1 implicitly requires || > | Z| (since for matrices,
A, B, rank(AB) < min(rank(A), rank(B))), which is un-
realistic in most real-world settings, where the hidden state
space is often much smaller than the observation space. In-
spired by spectral learning of PSRs and POMDPs (Boots
et al., 2011; Kulesza et al., 2015; Hsu et al., 2012), we show
that we can allow for the more reasonable assumption that
| < | Z| by requiring the matrices P*(Z;|a;, Z;_1) to be
of rank |U/|. As such, we henceforth assume that || < | Z].
We then relax assumptions by using the entire observable
history as a proxy, rather than just the observation from the
previous time step.

4.1. Spectral Relaxation of One-Step Proxies

We first relax rank assumptions in the case of one-step prox-
ies by performing singular value decompositions (SVDs)
on the matrices P®(Z;|a;, Z;_1) and using the left singular
vectors to derive spectral analogs to the causal identifica-
tion lemmas used in Theorem 1. We make the following
assumption:

Assumption 2. rank(Pb(Z7;|ai, Zi—l)) >
H,a; € A

|, vi <

Under Assumption 2, we obtain the following estimator (see
Appendix for proof):

Theorem 2. Under Assumption 2, let M;,, be the
left singular vectors of P°(Z;|a;, Z;_1) and Ml’a =
(Mo, P(Z;la;, Z;—1))T. Then P¢(ry) is equal to

Z HG(TO)Pb(Tt, zt\at, Zt—l)MtI,at
TOETL

(Mit1,0,5: P*(Ziga, zilai, Zio1 )M ,,) Mo,ao P*(Zo)

i=t—1

4.2. Multi-Step Histories

We now show that, by extending histories, even weaker
rank assumptions can be made. Specifically, letting
‘H? denote the set of observable histories of length ¢,
the matrices, Pb(Zi|aZ-, Zifl) and Pb(Zi+17 zi|ai7 Zifl),
in Theorem 2 can be replaced with P°(Z;|a;, HS ;)
and P®(Z; 1, zila;, H_,), respectively, with M, ,, and
M ,, defined correspondingly in terms of SVDs of
P®(Z;|ai, H?_,). We make the following rank assumption:
Assumption 3. rank(P®(Z;|a;, HS () > |U|,Vi <
H, a; € A

Similar to Theorem 2, we obtain the following:

Theorem 3. Under Assumption 3, define M; ., and M ,.
in terms of P*(Z;|a;, H?_,)). Then the probability P (r;)
is equal to

> (7)) PP (re, zelag, HY )M,
TOETL

3

: H (Mis1,0,0, P (Ziga, zilas, H )M ) Moo P*(Zo)

0

i=t—1

We give a proof of Theorem 3 in the Appendix, but, at a
high level, Figures 1(a) and (b) show the static causal struc-
ture is unchanged when extending the length of observable
histories, allowing for essentially the same analysis as in the
one-step case.

Importantly, note that Assumption 3 is weaker
than  Assumption 2 as P®(Za;, Z;i_1) =
P*(Zilaz, HY_1) PP (H{_1lai, Zi—1).

5. Multi-Step Futures

We would like to extend futures and replace the ma-
trices P°(Z;|a;, H? ;) and P®(Ziyi1, zila;, HO ;) with
probability matrices of length ¢ futures of the form
Pb(Zi:i+g|ai,H§’,1)‘ and  P*(Zij1iig1tes Zilai, HY )
(where Zi:j = H‘;C:'L Zk and Zizj = (Zi,...,Zj) for
i < j; when j < 1, these are the empty set and sequence,

“)
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respectively), so as to further relax rank assumptions
by only assuming that rank(P®(Z;.;4¢|a;, HO 1)) >
which is implied by Assumption 3. This, however,
as we now show, is not possible via identification of

Pb(Tt,Zt,Zt_l, .. .,Zo”CLQ, e ,at).

The primary difficulty, as indicated by the red edge in Figure
1(c), is that, when extending futures, the treatment, a;, does
have a causal effect on the observables z;.;4¢—1, yielding a
causal structure in which the causal effect is nonidentifiable
(Pearl, 2009). Hence, the above identification strategy is des-
tined to fail when using multi-step futures as proxies of the
confounder. In fact, it is, in general, impossible to write the
probability P(ry, 2, ..., 20l|ao, - - ., a;) (on whose identi-
fiability our approach crucially depends via (2)) in terms
of probabilities involving multi-step futures, z;.;4¢—; (With-
out, of course, simply marginalizing out z;41.;4¢—1) as ev-
idenced, for example, by Figure 1(d), which also has the
same causal structure, thus implying that even the proba-
bility P(r1, zo||ao) is non-identifiable via multi-step future
proxies.

6. Importance Sampling

We finally derive an IS procedure for OPE in POMDPs.
While the assumptions for our IS procedure are not directly
comparable with those made in previous sections, they in-
volve only rank, distinctness, and positivity conditions on
certain probabilities, and not the sufficiency assumptions
made in (Tennenholtz et al., 2020a) wherein 7° is assumed
to be a sufficient statistic for both reward and state. Rather,
we extend the eigendecomposition technique of (Kuroki &
Pearl, 2014), which is used to calculate matrices of proba-
bilities involving unobserved confounders.

In order to satisfy certain rank assumptions of our analysis
we require:

Assumption 4. [I/| < |A|.

Assumption 5.
possible rewards

, Where R denotes the support of

Under rank |I/| conditions on certain matrices of observable
probabilities, we are then able to write vectors of the form
m(a;|U;) via eigendecompositions of matrices of observ-
able probabilities under the behavior measure, where the
entries are subject to an unknown, but consistent, ordering

), but with the
(k)

identity of u; ’ unknown). We, additionally, make a weak
assumption on the reward distribution so that, the causal
structure of rewards and observations are identical:

(i-e., the kth entry of 7, (a;|U;) is wb(ai|ugk)

Assumption 6. The reward function R is a (possibly
stochastic) function of only latent state, and does not depend
on action.

Assumption 6 allows for the reward probability distribu-

tion P°(r;|U;) to also be written in terms of observable
probabilities in the same way as described above and un-
der similar rank |l{/| assumptions. Additionally, in order
to ensure uniqueness in the eigendecompositions, we fur-
ther require certain probabilities to be distinct. As these
conditions are in terms of probability matrices which lack
succinct representation, we relegate the assumptions and
proof to the Appendix but summarize here:

Theorem 4. Under Assumptions 4, 5, and 6, as well as rank
|U| and distinctness conditions on certain probability matri-
ces, the vectors Wéz)(ai\Ui), and P°(r;|U;) can be written
in terms of observable probabilities under the behavior mea-

sure with respect to an unknown, but consistent, ordering
onU, foralli < H.

Defining ITj(ug.¢) = Hf:o wéi) (a;|u;) and letting v denote

value, we then obtain an IS procedure under the two follow-
ing additional exponential rank and positivity assumptions,
as well as additional probability positivity assumptions (see
Appendix):

Assumption 7. rank(P°(Up.|T5)) = [U|H+!
Assumption 8. P’(v[r°) > 0,Vv,7° and =" (a;|u;) >
0,Vi< H,a; € A,u; €U.

Theorem 5. Under Assumptions 4, 5, 6, 7, 8, as well as

additional rank, distinctness, and positivity conditions on
certain observable probability matrices, we have that

UH(ﬂ'e) = ETO []Eu [UWe,b(Ua T0)|TO]]

with We (v, 7°) := %He(ro)ﬂ,(v, 7°) and
1 o PO (rilu;) Pb(uo. i | 7°)
ERCES S oy | L )

To:H:Y, Ti=v U0:H

where W, (v, 7°) is identifiable in terms of observable
probabilities.

7. Conclusion

In this work we consider OPE in POMDPs under the frame-
work posed in (Tennenholtz et al., 2020a). We extend their
work, relaxing assumptions on observable probability ma-
trices to only have rank |¢/| rather than | Z|, simultaneously
assuming that |/| < |Z|. By additionally extending one
of the proxy variables into the past, we further relax as-
sumptions by assuming the matrices P®(Z;|a;, HS_,) have
, allowing for our estimator to apply to a broader
class of POMDPs. We show that futures, however, can-
not be extended using this strategy, and additionally can-
not, in general, be used to obtain probabilities of the form
P(ry, 2t, - .., 20l|ao, - - ., a;). Finally, we give an IS algo-
rithm for OPE in POMDPs which only depends on rank,
distinctness, and positivity conditions on certain probability
matrices and not on sufficiency assumptions.
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A. OPE via Observable Proxies

We extend the identification scheme of (Tennenholtz et al., 2020a) and (Miao et al., 2018) to make weaker rank assumptions.
The proofs in this section use the same general strategy as in (Tennenholtz et al., 2020a), but use spectral methods to relax
their assumptions. We first give a sketch of the proof of 1 in (Tennenholtz et al., 2020a) before proceeding to our rank
relaxations.

A.1. (Tennenholtz et al., 2020a) One-Step Proxies
Proof Sketch. Note that

Pe(r) = Y T{(r°)P’(re, 2, 2-1, .., 20l|ao, . . . ar). 5)
7-067;0
We will identify P®(r¢, 2, 2¢_1,- - -, 20||ao, - - - , a;). Essentially, the analysis rests on the ability to non-parametrically

identify the causal effect of the control a; on the outcome (u;1, ;) given confounded proxy variables z;_; and z; at each
time step using the procedure of (Miao et al., 2018).

More specifically, this is done by first noting that

0
P(T’t,Zt,thl, .. '7ZO||a07 .. '7at) = Pb(’rtvzt|at; Ut) ( H Pb(Ui+1;Zi|a”ia Ul)) Pb(UO)a (6)

i=t—1

and extending off of the static causal identification setting, to show that

PP(Uisa, zilai, U) PP (Us, zi—1]ai—1, Ui—1)
= Pb(Ui+1aZi|ai7Zi—l)Pb(Zi|aiaZi—l)ilpb(ZiaZi—l‘ai—laZi—2)Pb(Zi—1|ai—17Zi—?)ilpb(zi—ﬂai—laUi—l) (N

and

Pb(rt»zt|at7Ut)Pb(UtaztflmtflaUtfl)
= P(ry, ze|at, Ze—1) PP (Zilas, Ze—1) " PP (Zs, 2e-1las—1, Ze—2) PP (Ze—1|as—1, Z—2) "' PP(Zi—1]as—1,Ui—1)  (8)

while also observing that
PY(Zilai, Us)P*(Us, zi—1lai—1, Zi—2) = P*(Z;, zi—1lai—1, Zi—2). )
From these 4 core identities, it is then not hard to inductively derive the result. O

A.2. Spectral One-Step Proxies

The proof of Theorem 2 relies on deriving the following analogs to equations (7) — (8) and using equations (6) and (9) to
similarly proceed by induction.

Lemma 1. Given Assumption 2, define M; ., and M ,  as described in Section . Then

P"(Us1, zilai, Us) PP (Ui, zi—1]ai—1, Ui—1)
= P"(Ujy1, 2ilas, Zi—1)M{,aiM¢,ain(Zi7 Zi—1|@i—1, Zi—2)
- M| M;i 1.4, ,P"(Zi—1lai—1,Ui—1)  (10)

i—l,a;—1

and

Pb(rt»zt|at7Ut)Pb(UtaztfﬂatflaUtfl)
= Pb(rtazt|at7Zt71)M/

t,as

Mt,ath(Zh Zt—1 |at71, thz)
- M Mi—1.4, ,P"(Zi_1|az—1,Us—1) (11)

t—1l,at—1
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A.2.1. PROOF OF LEMMA 1

Proof. First, notice that
PY(Uit, zilai, U) PP (Uslai, Zi—1) = PP (Uisr, zilai, Zi—1)

= P’(Uiy1, zilai, Us) PP (Uilag, Zio )M, = P* (Uit zila, Zio )M, (12)

Additionally,
P"(Zilai, Zi—1) = P*(Zi]a;, U;) PP (Uslai, Zi—1) (13)
- Pb(Zi|aiazi71)Mi/7ai = Pb(Zi\ai,UZ-)Pb(Uﬂai,Zi,l)Ml-’yai. 14)

From the definition of M/ , we have that

P*(Zilai, Zi1)Mj ,,
= P"(Zlai, Zi—1)(M;.o, P*(Zilai, Zi—1))" = P*(Zilai, Zi-1)Vi,a; (L x )21 Sisa) T
= Ui, Ziya; Ty x| 21 Zisas) T
which has rank |4], thus implying, by equation (14), that rank (P*(U;|as, Z;—1)M] ,,) = |U|, and so equation (12) implies
that
P*(Uit1, zilai, Uy) = Pb(Ui+172i|ai,Zi—1)M{,ai (P"(Uilas, Zi—1) M )_1- (15)

;a4

Now, notice that equation (13) implies that
M; 0, P*(Zilai, U;) P*(Uilai, Zi—1) = M; o, P*(Zilai, Zi—1). (16)

Similarly notice that rank (Mi,ai P*(Zi|a;, Zi—l)) = |U]| as, from the definition of M; ,,, we have M; o, P*(Z;|a;, Z;—1) =
Tuix 25,0, Vi, This, in turn, implies that rank (M; o, P*(Z;]a;, U;)) = |U| by equation (16), and so equation (16)
implies that
P"(Ujlas, Zi 1) = (Mz',aipb(zﬂai, Uv)) - M; o, P*(Zilai, Zi—1),
implying that
P'(Uilas, Zi— )M} ,, = (M; 0, P*(Zilas, Ui))’1 M; o, P*(Zi|as, Zi—1) M/, (17)

Now, we claim that M; o, P*(Z;|a;, Zi—1)M] ,, = Ijyjxu) since

+
M; o, P*(Zilai, Zi—1) M} o. = Iuix 121U Uias Sisas Vita, (Tux 121 Ui, Uisas Sisa: Vi, )

i,a; 5,ai Via; i,a; i,a;

= T |21 S0 T x) 21 Zivas) T
and thus equation (17) becomes

Pb(Ui|ai,Zi_1)Mf = (Mi7aipb(Zi|C(,i,Ui))_l . (18)

Finally, substituting (18) into (15) gives
PY(Uis1, zilai, U)
= P"(Uis, zilai, Zi—1)M] , M; 0, P*(Zi|a;, U;).
This, in combination with the fact that
Pb(Zi|ai, Uz‘)Pb(Um zi—1lai—1, Zi—2) = Pb(Zi, zi—1|ai—1, Zi—2) (19)

immediately implies that

Pb(Ui+1, Zi|a¢, Ui)Pb(Ui; Zi—1|ai7 Ui) = P(Ui+17 Zi\ai, Zz‘—l)Mil,ai
“M; o, P*(Zi, zi-1lai—1, Zi—2) M}, Ma, , P"(Zi_1]a;—1U;—1),

as desired. Replacing U, with r; gives the second part of the Lemma. O
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The proof of Theorem 2 then follows first from writing P(ry, z¢, . . ., 20||ao, - - -, at) as

1

using Lemma 1 and equation (19) above to inductively show that

I

Pb(ry, z¢|ar, Uy) < Pb(Ui+172i|ai»Ui)> P (Uy),

i 1

Pb(Tt,Zt|at,Ut) < Pb(Ui+1,Zi|ai7Ui)> Pb(Uo)

i 1

0
= P'(ri, zilar, Ze)M{,, T[] (Misraion P'(Zisa, zilai, Zioa)M] ) Moo PP (Zo),  (20)

i=t—1

and then using the fact that

P(ry) = Y T(r°)P(rs, 21, ..., 20llao, .. ar)
TOETS

to obtain the final result.

A.3. Multi-Step Histories
A.3.1. PROOF OF THEOREM 3

The proof of Theorem 3 is essentially the same as that of Theorem 2, except that we replace the one-step history Z;_; with
‘H?_,. For completeness, we include it below, first proving a Lemma analogous to Lemma 1:

Lemma 2. Given Assumption 3, let U; ,,%; .. Vi¥, be an SVD of P*(Z;|a;, HS_ ) with the diagonal entries of %; 4, in

descending order and define M; o, := Iy xz /UL, and M}, := (M, H{_|)*. Then
P(Uiy1, 2ilai, Up) PP (Us, zi1|ai—1, Ui—1)
= P"(Uiy1, zilais, H{_ )M o, M; o, P*(Zi, zi1|ai1, H9_o)
- M M; 10, ,P*(Zio1lai1,Uia)

i—1l,a;—1

and

Pb(rtazt|ataUt)Pb(Ut7zt—l|at—1aUt—1)
= Pb(’l"t,Zt|CLt,H?_1)M/

t,a¢

M o, P"(Zs, 2—1]as—1, Hj_,)

: Mt/—1,at,1Mt—1,a,,,1Pb(Zt—1|at—17 Ui—1)

Proof. First, notice that
PY(Uit1, zilai, U) PP (Uilag, HS_ 1) = PP(Uisr, zilai, HS_ 1)

= P"(Uiy1, zilai, Up) PP (Uslai, HY )M ,, = P (Uiya, zilag, HY_ )M .. (21)

Additionally,
P(Zila;, HY_y) = P (Zilai, Us) PP (Us]ai, HY_ ) (22)
— P"(Zi|ai, H7 )M ,, = P*(Zi|ai, Up) P*(Uslas, HY 1) M, (23)

From the definition of M/ , we have that

1,a;°
Pb(Zi|ai7 /H?—I)Mz{,ai

= P"(Zlai, M7 _))(M;.a, P*(Zilas, 17 1))T = P*(Zilai, HY_1)Via, (T x) 21 Sisa,) T
= Ui,a; Zisa: (T x |21 Zi0:) T = Uil zxqu) = Uiaid | 2xu)»



POMDP OPE

which has rank |/, thus implying, by equation (23), that rank (P*(Uj|a;, Hy_ )M/ ,,) =
that

, and so equation (21) implies

PP (Ui, zilas, Us) = PP (Ui, 2las, HO_ ) ML, (Pb(U lai, HO_)M],) (24)

Now, notice that equation (22) implies that
M; o, P*(Zilai, U PP (Ulas, HS_ ) = Mo, P*(Zi|ai, HS ;). (25)
Similarly notice that rank (Mmin(Z,; la;, 371)) = |U] as, from the definition of M; ,,, we have M, 4, P*(Zi|a;, H? |) =
T x )21 % V.I' . This, in turn, implies that rank (Mi7ath(Zi|a¢, Ul)) = |U| by equation (25), and so equation (25)

,ai Y ,a4

implies that
PP (Uilai, MY ) = (Mia, P"(Zilai, Us)) " My, P*(Zilai, HE ),
implying that
P*(Uilas, HY )M, = (Miyaipb(zimi,m)) M; o, P*(Zilai, HO_ ) M] (26)

i,a;"

Now, we claim that M; ., P*(Z;|a;, H¢_ ;)M

ay = IIMIX\MI since

M; 0, PP (Zilas, HE_ )M} o, = Tua 120Ut Ussan S0, Vit (Tag 21U, Ui an S0 ViR )

2,ai ¥V 1,a4 2,ai ¥ 1,a

= Tuix21Z00; T x| 2 Sisas)
and thus equation (26) becomes
PP (Uilas, Ho_y )M ,, = (Mi o, P"(Zilai, U) " @7
Finally, substituting (27) into (24) gives
Pb(Ui+17 Zi|aia 1)
= P"(Uisr, zilas, H_ )M} o, Mi o, P*(Zi]ai, Uy).
This, in combination with the fact that
PY(Zila;, Us) P* (Ui, zi1lai—1, Ho_o) = P*(Zi, zialai—1, Ho_o) (28)
immediately implies that
Pb(Ui+1a Zi|ai, Ui)Pb(Ui, Zi—l\az', Ui) = P(U1+1a Zz|am )M/
M; 0, P*(Zi, zi1]ai—1, H)_5) M, ,1Mai,1pb(Zi—1|az'—1Ui—1),

as desired. Replacing U, with r; and ¢ with gives the second part of the Lemma. O

Again, the proof of Theorem 3 follows first from writing P(ry, z¢, . . ., 20l|ao, - - -, a¢) as

Pb(TtaZt|at7Uf < H P (Uig1, zilai, U, )) Pb(UO)v
1=t—1

using Lemma 2 and equation (28) above to inductively show that

Pb(""t7zt|ataUt ( H P l+1722|al7 z)) Pb(UO)
1=t—1

0
= P'(ry, zlae, HY OM{,, [T (Mis1.a00, PP (Zigr, zilas, M- )M ) Moo P*(Z0), (29)

1=t—1

and again using the fact that
P(re) = > Te(r°)P(rs, 2, .., 20llac, . . ., az)

to obtain the final result.
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A.4. Multi-Step Futures

While we showed that our approach cannot use extended futures as proxy for a single confounder, we now show that it is
possible to incorporate some extended futures under prohibitive rank assumptions. In particular, we make the following
assumption, in addition to Assumption 4:

Assumption 9. rank(Pb(Zi:i+g_1|ai+g_1,Ai:,;+g_2 X ,H;-:l)) > |Z/{|£,Vi, a; . /-1 < 7 < H, Aj40—1 € A
We then obtain the following estimator:

Theorem 6. Let { > 1. Under Assumptions 9 and 4, take M\ ¢, , to be the matrix of left singular vectors of
P Ziivo-1|@ivo—1, Aiviyo—2 X HS_,) and Mg, = (M; 0, P*(Ziivo—1|aito—1, Aisive—o x HZ 1)) Then the
probability P¢(ry) is equal to

Z e (7°) PP (re, Ze—es1:)ae, Ar—ppra—1 X Hy_ )M,
TOETL

0

b
. H (Mi+€,ai+gp (Zig1:ive, ZilGite—1, Aisige—a X Hi_7)
imt—t

: i/+€—1,ai+g,1 ) M1, , P*(Zo.—1]|ao.e—2) (30)

While the vector P°(Zp.¢—1||ao.c—2) is not directly observable from data, it can be calculated via marginalizing out r,_; in
PY(ro_1,20-1,...,20||ao,...,as_1) and is thus estimable under Assumption 3, for all i < £ — 1.

To prove Theorem 6, we use 2;:;+¢—1 and (h?_;, G;.i+¢—1) as proxy variables for the confounder u;.;4¢—1 under the treatment
a;+¢—1. As seen in Figure ??, the causal structure is the same as that in both the one-step proxy and extended history cases,
allowing for a similar analysis, which we now present.

A.4.1. NECESSITY OF ASSUMPTION 4

First, we show that Assumption 4 is a necessary condition for Assumption 9. This is simply because
P"(Ziiver|aipe1, Aiire—z X H7_y)

can be written as

P"(Ziivo-1|aive—1,Ui X Aiiro—2)P" (Ui X Apive—alaive—1, Avivo—2 X Ho_1)
so that
rank(P?(Ziio—1|@ire—1, Avivo—a x HE_1)) < |U|JA[E

Thus, Assumption 9 cannot be met if |A| < |U/|, hence the necessity of Assumption 4.

A.4.2. PROOF OF THEOREM 6

Again, the proof of Theorem 6 is essentially the same as those for Theorems 2 and 3 except that we decompose the

probability P(ry, zt, . . ., 20l|ao, - . . , a;) in a slightly different way. We proceed, again, by proving the analogous Lemma to
Lemmas 1 and 2:

Lemma 3. Under Assumptions 9 and 4, take M;yp.,,, to be the matrix of left singular vectors of

P Ziivo-1|@ivo—1, Aiiyo—2 X HS_1) and M7;/+Z,ai+1{ = (M;,0, P"(Ziivo-110iv0-1, Aicivo—2 X HS_1))T. Then

b b
P°(Uitr:ites Zil@ivo—1,Uisigo—1) P’ (Ussipo—1, Zim1|@Gite—2, Ui—1:i410—2)
b o /
= P°(Uitt:ite, zil@ipo—1, Aizive—2 X HP_ )Mo 1 ar,,  Mite—1,0000 4
b /
<P (Zicivo-1,zi-1]@ire—2, Aiviipe—3 X H o) Miyy 54, ,

. Mi+€72,ai+1{_2Pb(ZiflziJerZ|U'71:i+572)
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and

Pb(rt»zt7£+1:t|at7 Utfe+1:t)Pb(Ut7£+1:t7 Zt7€|at717 Utff:tfl)
= Pb(rtvthl+1:t|at7v4t7£+1:t71 X H?,K)M{,atMt,ath(theH:t,thz\atthtfz:tfz X ’Hf,g,l)

! Mi—1.4, P (Zt—p4-1|Us—p:-1)

T —1ae 1

Proof. First, notice that

PP(Uitriize, Zil@ivo—1, Usivo—1)P*(Usiso—1|@ive—1, Aiizo—2 X HS_1)

b
= P°(Uit1:ite, 2i|@ite—1, Aizigo—2 X Hi_1)

b b /
= P (Ui+1:i+lazi ai+£71,Uz’:i+£71)P (Ui:i+éfl|ai+fflvAi:i+272 X 7‘[?71)Mi+£71,a1-,+e,1
b 1
= P’(Uitvite, zil@ipo—1, Asive—2 X H)_ )M g 1 0,,, - GBD

Additionally,

P"(Ziivorlaive—1, Aiivo—2 X HO_1) = P"(Ziivo—1|Usivo—1) P’ (Uiigo—1|@iro—1, Avive—a X HI_;) (32)

b /
= P’ (Ziite-1]@ito—1, Aiive—2 X H7_ )M o 1 0,,,

= P"(Ziivo-1|Usiro—1) P* (Uisipo—1|ive—1, Aiivo—2 x HI_1)M] (33)

+—1la;40-1"

From the definition of M/, , , , ., we have that
sAite—1

b !
P’ (Ziive-1laiye—1, Aiizo—o X Hi_1) M,

+e—1,a540-1

= P"(Ziivor|@ive—1, Avivo—2 x Ho_1)

(Mive-1,aiy0 2 P (Zisigo—1|ire—1, Asive—z x HI_1))"

_ pb N
= P (Ziire-1|aire—1, Avive—2 X H7_1)Vito—t,aip0 1 Do x) 20 Zitt—1,ai40-1)

—TIJ. ) ) + — .
= Z+£717ai+671Z'L‘i’z*]wai#réfl(I‘u‘ex‘ZIZZZ‘Fe*l’ai#»Z—l) = 1+5*1,ai+271]|2|[><|2/{|27

which has rank |I/|*, thus implying, by equation (33), that

b ¢
rank (P (Uisite—1l@ire—1, Aiito—2 X Hi_1) {+z71’ai+[’_1) =|U[%,
and so equation (31) implies that
b
P°(Uigr:ites Zilaive—1, Uiige—1)
b
= P’ (Uittsive, Zil@ive—1, Aivivo—a X H{_ )Mo 14, ,
b 1
(P°(Uisio-1laive—1, Avive—a X H{_ )My 14, ) - (34)
Now, notice that equation (32) implies that
b b
Mivi—v,a0, 0, P"(Zisigt—1|Ussigo—1) P° (Ussige—1|0ive—1, Aisipo—2 X Hi_1)
b
=Mivo-1,a0 01 P (Ziige—1|@ive—1, Aiipo—2 X Hj_1). (35)

Similarly notice that
rank (Miyo—1,a,, 01 P’ (Ziire—1]ige-1, Assivo—2 X Hi_1)) = |U[*
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as, from the definition of M; ¢ 1 4,,,_,, We have

b
Mivi—v,ai0  P"(Zisivo—110ip0—1, Aisigo—2 X Hi_1)

_ 4 T
= Tujex|2)¢ Bitt—1,ai 01 Vito—T,a500_ 1

This, in turn, implies that rank (Mi+£—1,a,-+e,1Pb(Zi:i-M—l|Uz'n'+2—1)) = |U|* by equation (35), and so equation (35)
implies that
PP(Uiivo—1|ive—1, Asiro—2 X HS_;)

b -1 b
= (Mito—1,0i0 . P’ (Zicivo-1|Usize—1))" Mive—1,0,0 0 P (Ziive—1|@igo—1, Aisipo—2 X Hi_1),
implying that
b !
P°(Uisigo—1|0ito—1, Aisipo—2 X Hi_1) 1 ai4 1

b -1
= Mito—1.a 01 P (Zicizo-1|Usiive—1))" Migo—1,0140,
b
P (Ziivo-|aivo—1, Avive—2 X H]_ )Moy 00, - (36)

. b / _ ;
Now, we claim that M; ¢ 1.4, , , P°(Zi:ivo—1]|@ite—1, Aiize—2 X ’z'-l;-ll)Mi_i_e_lyaiﬁi1 = Ijyje xc|u)e since

b o ’
Mive-t,aiy0 1P (Zicivo-1|0ive—1, Aviro—2 X Hi_ )Mo 14,0,
— T . ) T
= I|L{\Z X |Z|’5Ui+£—l,ai+e,1 UZ+Z—170‘1+£—1 224—@—17(1“1&1 ‘/;+Z—1,a,-+@,1

T T +
: (I‘ulzx‘Z‘EUi+[—17a,i+[71U’i+€—1,ai+271Zi+€—1,ai+271‘/'i+é—17ai+£71>

= +
- IIU\ZXIZIZEZ'Hfl,a,,H_l (I|u\€x|z|l Ei+e—1,ai+5_1)

and thus equation (36) becomes

P (Ugie—1l@ive—1, Asipo—a X HOM o 1000,
= (Mi-ﬁ-é—l,aiu,lPb(Zi:i-i-Z—l|Ui:i+€—1))_l~ (37)

Finally, substituting (37) into (34) gives

b
P°(Uit1:ites zilairo—1, Usipo—1)
b !
= P’(Uittite, Zil@iro—1, Avcive—2 X H_ )M g 10,0,

b
Mo tai0 P’ (Zisivo-1|Usize—1). (38)
This, in combination with the fact that
b b
P (Zi:i+£71|Ui:i+£fl)P (Ui:i+£71,Zi71|ai+€727¢4i71:i+£73 X Hf_g)
b
=P (Zi:i+271,2i71 Qito—2, Ai1iipo—3 X Hffz) (39)
immediately implies that
b b
P°(Uitr:ites Zil@ivo—1,Uisigo—1) P’ (Usiipo—1, Zim1|Gite—2, Ui—1:i40—2)
b /
= P°(Uitt:ite, zil@ipo—1, Aizive—2 X HP_ )Mo 1 ary,  Mive—1,0000 4
b /
<P (Zicito-1,zi-1]@iro—2, Aiviipe—3 X H o) Miyp 54, ,

. Mi+€72,ai+g_2Pb(ZiflziJerZ|U'71:i+572)
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as desired.

For the second identity, we first note that

Pb(rtvzt7£+1:t|at7UtflJrl:t)Pb(UtfH»l:t‘ataAt7£+1:t71 X Hf_g)

= Pb(TtvZt72+1:t|at7v4t7£+1:t71 X H?,z)

= P’(re, 200516 at, Up—r1:6) PP (Us— g1t |ty At—ps1:0-1 X He_ o) M]

t,at

= P’(re, ze—os1ot)as, Ar—pp1ii—1 X HY )M ,,, (40)

which, by the fact that rank (P*(Uy gy 1.¢|as, Ar—pr1:6-1 X Ho_,) M|

ta) = U |¥, as shown above, implies that

g Pb(rt72t—€+1:t|at7Ut—f-{-l:t)
= P’(ry, 2e—oy1ielae, As—op14-1 ¥ Hg_e)Mt/,at(Pb(Ut—é+1:t|ataAt—[-&-l:t—l X Hf_z)Mt/,at)71~ 41)

Substituting equation (37) with ¢ = ¢ — ¢ + 1 into equation (41), then gives

Pb(rh Zt—041:t |CLt, Ut—e+1:t)
= PP(re, 2e—covtlass Av—eir—1 X HE_ )M 0, My, P*(Ze—t11:4|Us—e41:0),

implying, via equations (39) and (38) with¢ =t — ¢+ 1 and ¢ = ¢ — /, respectively, that

Pb(rt,zt7£+1:t|at7 UtflJrl:t)Pb(Uthqu:ty Zt7£|at717 Utfﬁztfl)
= Pb(ThZt7£+1:t|at7¢4t7€+1:t71 X ,Hgfz)Mt/,atMt,atPb(théJrl:tathl‘at—lwAt—Z:th X ’Hf,g,l)

! Mi 14, P"(Zi—t:t-1|Us—t:t-1),

Tt 1000
as desired. 0

Finally, the proof of Theorem 6 follows first from writing P(r¢, z¢, . . . , 20|aq, - - . , a;) in the following, slightly different
way from the previous two sections:

7

Pb(rtaztfl+1:t|at7Ut7l+1:t) (

1l

The result then follows from using Lemma 3 and equation (39) above to inductively show that

Pb(Ui+1:i+é7Zi|ai+Z17Ui:i+£1)> Pb(U0:£71||a0:£72)~
V4

Pb(rt»zt7£+1:t|at7 Ut%ﬂ:t) ( Pb(Ui+1:i+E;Zi|ai+Z717 Ui:i+£1)> Pb(U0:£71Hao:z72)

2

14

0
=t—
0

b ’
= P’(re, 2o 1:e|ae, Ar—ep1:0-1 foﬁl)Mt’at H (Mi+5,ai+g
i=t—¢

P Zitasives 2il@ivo—1, Assivez X HY )My 1 a0y, ) My—1,0,_, P*(Zo:e—1ao:e—2),

and again using the fact that

Pe(ry) = Y T(r°)P(rs, 21, ..., 20llao, . .. ar)
TOETL

to obtain the final result.
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A.4.3. IDENTIFICATION OF P®(Z._1]||ag.c—2)

As mentioned in Section 5, the identification of P®(Zy.,_1||ag.¢_2) in Theorem 6 can be achieved via the estimator in Theo-

rem 3. In particular, as mentioned in Section A.3.1, the estimator rests on the identification of P(r¢, 2¢, . . ., z0||ao, - - . , at)
as
0
b ~ Y b ~ b
P (o, zlans He )W gy TT (Wit o PP (i, il e )M, ) Mo o P (Z0),
i=t—1

under Assumption 3, and where Mi’ai is the matrix of left singular vectors of P®(Z;|a;, H? ;) and M{ a;
(M; o, P*(Z;|a;, HS_1))". Hence, marginalizing out r;, we see have the following

Corollary 6.1. Under Assumption 3, we have that

P(re, 2y - .y 20l|ao, - - .y ar)
0

= P’(z|ar, 17 )M, [] (Mwl,aiﬂpb(zwhzﬂaiv o )M, )Mo o P*(Zo)
i=t—1

Hence, Corollary 6.1 allows for the identification of P®(Zy.;_1||ag.—2) under Assumption 3.

B. OPE via Importance Sampling

We now give a derivation for the IS estimator given in Section 6. We have that

va(me) = > Y wP(v|r)P(7)

TE€TH v

= 3 S P el P (o)

TETH v (UOH)
P (v|uo.g) P? (uo. 5| 7°)
=>» v PP(7O)TL(1° : .
D ILITEDIESSS o
= Z Z PP (v|1)Wep(v,7°) = Ero [Ey[vWe i (v, 7°)|7°]]
v ToeTp

where the second and penultimate equalities are made possible by Assumption 8.

Thus, we can write

vp(me) = Ero [Ey[vW (v, 7%)|7°] 42)
with .
W(v,1°) := PP;(E}TT()))He(TO)Fb(U,TO) 43)
and
Lo, 7%= S 3 [io P g}'“lzzH)(“O:H ™) (44)

TO:HIY Ti =V U0:H

o

)_TI.(7°) are all either given or

Hence, all that must be shown is the identifiability of I'y(v, 7°), as the terms of W

directly estimable from observable data.

B.1. Identifiability of ', (v, 7°)

First, we show that under certain rank and distinctness assumptions, the vectors Wéi) (a;)U;) and P?(r;|U;) are identifiable
by extending the diagonalization method of (Kuroki & Pearl, 2014). We will treat both of the above vectors individually.
However, letting x = |U|, we first define a matrix which will be used in both derivations:

A,y = diag(PP(zipa [ulV), .., PPz [ul™).
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The ordering uz(»j ) is such that the elements on the diagonal of A, ., , are in non-decreasing order. That is, Pb(zi1 |u§1) ) >

. > Pb(z;1|u™)). Furthermore, we will let 27, 77, and a denote the jth elements of the sets Z, R, and A, respectively.
Henceforth, the vectors ngl) (a;)U;) and P?(z;|U;) are defined such that their jth entries are W,SZ) (ai]ul) and PP (z;|ul),
respectively. Throughout our identification procedure for both of these vectors, we make the following crucial distinctness
assumption, which will allow for unique eigendecomposition (up to constants):

Assumption 10 (Distinctness). For each z; 1 € Z, the probabilities { P®(z;y1|u;) : u; € U} are all distinct.

B.1.1. IDENTIFYING 7Tb (az\U)

Similar to those defined by (Kuroki & Pearl, 2014), we first define the following matrices which will be key to the analysis,
explicitly state all assumptions in terms of them, and then show the result.

Define the matrix following matrices

1 P(allz) - PYaNTMz)
PPzl y|z)  PMab.zllzm) o PR )z)
Pie= : : . : ’
Z|l-1 2;1 . Al—-1 Zl-1
PP ) PP o) e PY@A 2P
PP(zi112) Pb(a}, ziy1]2) P (a1 2 2)
a | Pl mals) PMalzigzials) o Pag A= Y2y Zigal )
0,2i,Zi41 T : : .. . ’
P sz Phal 22 ) e PH@AT E )
1 7Téi)( 1|u(1)) Wl()i)(aLAl_l‘uz(-l))
Uia = ’
O B Ol ()
1 Pb(zl 1|z“ Wy o PP )
R’ﬁzi: : : : ’
K Zl-1 K
1P o) e PR )
Mg, = diag(PP(u{V|z)),. .., PP(u{™|z)).

In addition to Assumptions 4, 5, 6, and 10, we also make the following rank assumption:

Assumption 11 (Rank). The matrices P{,. and Qf .. have rank at least |U|.

With these conditions, we now show how to obtain the matrix U;*, which contains the desired probabilities, via diagonalization
of observable matrices.

Notice that

zzl _Ra TMa Ua (45)
and
a a Tara a
ih,2irZit1 Rz ,Zi Mz zlAlﬁzwl Ui (46)
Now, for any subset A of {2, ..., |Z|} of size [U| — 1, define U?(A) to be the |U{| x || matrix whose first column is the first

column of U# and whose jth column is the A ;th column of U for all 2 < j < ||, where A; is the jth smallest element of
A. Equivalently, U (A) can be written as U? L(A) where L(A) is the | Z| x |{/| matrix whose first column is e; and whose
Jjth column is ey ;, where e, denotes the kth standard basis vector of RIZ!, for 2 < j < |U|. Right-multiplying equations
(45) and (46) by L(A) thus give, for each such subset A,

PiL L(A) = RY T M U (A) (47)

1,24
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and

?7Zi72i+1 (A) R;lnTMa Ai727:+1Uia(A) (48)

Notice that Assumption 11 implies that rank(U?) = |U/| via equation (45), and thus that U¢(A) is invertible for all such
sets A. Additionally, Assumption 11 implies that M, is invertible and rank(R;’,Zi) = |U|, via equation (45), and so,
from equation (47), we have (Pf*, L(A))" = (UZ-‘I(A)) Y(Mg,,)"H(Re,, )T, This along with equation (48) gives the
following:

Lemma 4. Forany A C {2,...,|Z|} of size U| — 1, under Assumption 11, we have that
(Pzaz,L(A))Jr gzi,z7¢+1L(A) = (Ula(A))ilAl Zq+1Ua(A)

We now show how to identify U2 (A) for any such subset A.

Lemma 5. The matrices UZ(A) are identifiable from observable matrices.

Proof. We use the diagonalization strategy of (Kuroki & Pearl, 2014). At a high-level, the procedure is as follows:

1. Diagonalize the observable matrix (P, L(A))* Q¢ _  L(A) with the eigenvalues of the diagonal matrix in descend-

1,205,%i41

ing order to get T; -, .., (A)A; 2, T,—1 (A)

L2142, 41

2. Recover Uf(A) from Tj ., ..., (A).

Notice, importantly, that in the first step of the above, the matrix of eigenvalues is A; ., . This is guaranteed because

Lemma 4 writes the matrix (P, L(A))*Q¢ ., ... L(A) in diagonal form, where we have specified the ordering such that
the entries of the diagonal matrix are in decreasing order. Furthermore, the distinctness of the diagonal entries of A; ,
assumed in Assumption 10 ensures uniqueness of the eigenvectors up to constant factors, thus implying that the columns of
(U#(A))~* are constant multiples of the columns of the observable matrix 75 ., -, , (A). We show how these are recovered

in the second step.

« . .
Cirzs zignr o) ci’zl_’zl_ﬂ) be the diagonal matrix of constants such that

(Uia(A))_l = Ti,zri,zi+1 (A)CTi=zri-,zrg+1(A)' 49)

LetCr, . .,,,(0) = diag(c}

As the left hand side is invertible, the right hand side is also invertible, and so equation (49) implies that

a -1 -1
Ui (A) = CTi,zi»z'i+1 (A)TivzivzHl (A)
Finally, as the first column of U#(A) is T, the matrix CT1 e, (A) CAD be written in terms of 7, 2 2141 (), and consequently,

so can its inverse Cr, __ .. (a). thus allowing for the identification of UHA) =Tz 2, (MCr, . v (

A)- O

The above allows for the columns given the set A of U/ to be identified. Hence, choosing multiple different such A’s of size
14| — 1, such that their union is {2, .. ., | Z|} (i.e., this will require [ 2=} different choices of A), the entire matrix U# can

[t—1
be identified, and thus all probabilities 7r£ (a; \u(J )) can be written in terms of observables, as desired.

B.1.2. IDENTIFYING P°(r;|U;)

The identification procedure for P®(r;|U;) is essentially the same as that in the previous section, except that we use the
following matrices:

1 Pb(r}| ) PRIz
R|I—1
P(zl_y,ailz)  PP(rlzlog,ailz) - PPNl ail)

1,Q5,2; . . . . ’

Pb(z‘f‘fl,aﬂzi) Pb(r} zlzll ! ,ailzi) e Pb(rl.m 1, ‘Z‘ ! ,ai|2;)

K2 [ R Rt K2
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! Zi+1\2i)

. PPzl zivsailz)  PP(rizlig, zivn ailzi) {15 Zig1, il %)

©,23,2i41,0; . . . . ’

PP(2i41]2) PY(r}, zit1]2:) PRI
Pb(rim !

PoPT i ailz) PP AP s ailz) - PRI, Z‘Z; Yz, ailz)
1 Pb(rl|u(1)) Pb(rmlfl\u(vl)
1 1 1 1
1 Pr(rtul®y o PRI )
L Pag, 2l lzul) o Poag, 2 u)
1 PYan ey fn®) o Poas 2 u®)

and

M}, = diag(P*(u{"|z,), ..., P'(u{¥|2)).
Again, analogously to the previous section, in addition to Assumptions 4, 5, 6, and 10, we also make the following rank
assumption:

Assumption 12 (Rank). The matrices P}, and Q) .. have rank at least [U|.

Importantly, we have the same identities on the above matrices:

z zl = R: zi z zl Uza (50)
and
r r Tarr r
2y Zid1 Rl 2 Mz zlALZH-lUi (51)

The procedure for identifying U is then precisely the same as that described in the previous section. Importantly, because

the diagonal matrix is the same matrix A; ., , used to identify 7rb (al |U;), the ordering u( ), e ,ul(»k) is the same, so that

when we identify the vector P°(r;|U;), the ordering of entries is indeed in correspondlng order to our identification of
D (a,|U).

We summarize the results from the previous 2 sections here before we proceed with the rest of the identification procedure
for Ty (v, 7°).

Theorem 7. Under Assumptions 4, 5, 6, 10, 11, and 12, the vectors ﬂ'lgi) (a;|U;) and P*(r;|U;) are identifiable, under the

consistent ordering that their jth entries are ngi) (a; \uij )) and Pb(ri|u§j )), respectively.

We now proceed with the identification procedure for I'y(v, 7°). The sole remaining ingredient is the identification of
P®(Up. | TS), which we now derive.

B.1.3. IDENTIFYING P*(Up.1|T5)

We now propose an identification scheme for P?(Up. 7| T,3) which rests on a Bayes’ rule and eigenvalue analysis argument.
Our two key assumptions will be an exponential rank assumption in H and an additional probability positivity assumption:

Assumption 13 (Rank). rank(P°(Uo.z|T3)) = [U|H+L.
Assumption 14 (Positivity). P°(7°) > 0,Y7° € T5.

With these two assumptions we now derive the identification procedure for P*(Up.z1|T3).
By Bayes’ Rule, we have that
Pag,...,agluo, ... um, 20, ..., 2m)
P(ug, . ..,ug|m)P*(7°)
Pb(ug, ..., up|TS)PYTH)
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Now, let P}, denote the column vector in ROAIZD™ whose jth entry is Pb(ao, e QE|UO, S UH L 20,5 ZH )

where 7° = (20, ao, - - - , Zm, ap ) is the jth element of the set 7. Then, letting Pb(T" denote the vector whose jth element

is W (which is allowable under Assumption 14) and letting ® denote Hadamard product, we have that
H/7J

1 Pb(uo,...7uH|7}‘})T

o O PTg) ~ Polug,-...un TR PY(Tg)’

implying, for each (jo, ..., ju) € [s]7 T, that

b
Puf)a"wu

. s 1 _ pb(uéjo)7 - (]H)|7'O) .
w0 W H Pb(Tﬁ) Pb(u(()m),...,ugH”Tﬁ)Pb(Tﬁ)

(52)

Now, we claim that the left hand side of the above is identifiable. This is because, firstly, the vector Pb(Tb"[) is clearly

directly estimable from observable data and, secondly, each entry in the vector Pfj ...up 1s of the form

Pb(a()7.. aH|u ]0) U(szH)’ Hﬂ_ (J1

and we have shown the indentification procedure for 7rl(f) (a;|U;) in Section B.1.1. Then equation (52) implies that

1 (] j 0 j j (o
(Pjéjo) ugH) © Pb(TO)> Pb(T )TPb( (JO) ,.,UgH)lTH)T = Pb(u(()ﬂo)’”.’ugH”TH)T.
yeees g

Defining Q(u(()”, . ugH)) to be the outer product <Pb(jo) W) ©) Pb(T" > P®(T5)T, we note that from what we have
'lLO .

said, Q(u(()j", . u(I_jIH)) is also identifiable.
Thus, we must identify Pb(u((f"’)7 . (] ") |T5)T from the equation

Qu§,. .. ,ugH>)Pb(ugﬂ“>,...,ugH>\Tg)T = P'(uf®, ..., u™ T (53)
Equation (53) implies that Q(uéjo, . ugf,H)) has 1 as an eigenvalue. But as Q(ué . ugH)) can be written as an outer

product of length | 73| vectors, it has 0 as an eigenvalue with multiplicity |757| — 1, thus 1mp1y1ng that the multiplicity of the

eigenvalue 1 is 1.
Hence, diagonalizing the observable matrix Q(u(()“’, Y H)) allows for identification of P®(u (jo), cee ugH) |T5) up to

an unknown constant factor Q Go) G- Thus, all that remains to show is the recovery of Q Go) G-
0 seesUpp 0 yees W

Letting A; be the diagonal matrix whose entries, for each sequence j € [x]*1

,are o (o) (g in order corresponding to
Uy e Uy
the rows of P®(Uy.r|T5), the above identification scheme allows us to recover the matrix
AP (Uonr|Ti7)
with A; unknown but all entries of A; non-zero (i.e. since the rows of A;P*(Up. ;| T3) are eigenvectors).
Letting b; € R "note that the equation
bf 4P (Uit |T7) = 17,
has a solution given by the vector bj such that (b}‘)k = (AJ_ 1Yk Note also, however, that Assumption 13, guarantees that
P®(Up. | TS) is of full row rank, thus implying that
b = I7 (AP (Vo TH))

Hence,
(AN = (T (AP U0 |T2) i

and so the matrix A; is recoverable from the observable matrix 4;P°(Uy. ;| T3)), thus implying that the matrix P°(Up. 7| 753)
is also identifiable, as desired.
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B.1.4. COMBINING IDENTIFICATIONS

Finally, recalling that

0 [1L, PP (rilus) P (ug.n| ™)
Ty(v,70) = Y > Ty (vo7) :
TO:HiY Ti =V U0:H

_ Z Z Hz on(mU ) (ug ]0) UH \T )
0, (u (Jo) U(JH)) ’
ro.g:y Ti=v 1<jo,....jJH<K yeees Upy
the above derivations allow for identification for each of the terms Pb(ri|u5ji)), Pb(ugj‘)),...,ug’{)|70), and
Hb(u((f 2 ugH )), thus implying the desired identifiability for the entire IS estimation procedure, as desired.

We summarize this result and all conditions below:

Theorem 8. Under Assumptions 4, 5, 6,7, 8, 10, 11, 12, 13, and 14, the quantity T'y(v, 7°) is identifiable for all values v
and T° € T§. Hence, the importance weights

b 70

are all identifiable, allowing for the IS procedure given by vy (m.) = E o [E,[vW (v, 7°)|7°]]



