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Abstract
In the past decade, contextual bandit and rein-
forcement learning algorithms have been suc-
cessfully used in various interactive learning sys-
tems such as online advertising, recommender
systems, and dynamic pricing. However, they
have yet to be widely adopted in high-stakes ap-
plication domains, such as healthcare. One rea-
son may be that existing approaches assume that
the underlying mechanisms are static in the sense
that they do not change over different environ-
ments. In many real world systems, however,
the mechanisms are subject to shifts across en-
vironments which may invalidate the static envi-
ronment assumption. In this paper, we tackle the
problem of environmental shifts under the frame-
work of offline contextual bandits. We view the
environmental shift problem through the lens of
causality and propose multi-environment contex-
tual bandits that allow for changes in the underly-
ing mechanisms. We adopt the concept of invari-
ance from the causality literature and introduce
the notion of policy invariance. We argue that
policy invariance is only relevant if unobserved
confounders are present and show that, in that
case, an optimal invariant policy is guaranteed
to generalize across environments under suitable
assumptions. Our results do not only provide
a solution to the environmental shift problem
but also establish concrete connections among
causality, invariance and contextual bandits.

1. Introduction
The problem of learning decision-making policies lies at
the heart of learning systems. To adopt these learning sys-
tems in high-stakes application domains such as personal-
ized medicine or autonomous driving, it is crucial that the
learnt policies are reliable even in environments that have
never been encountered before. In this paper, we consider
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the problem of learning policies that are robust with respect
to shifts in the environments. We consider this question in
the setup of offline contextual bandits.

While recent studies in offline contextual bandits (Dudik
et al., 2011; Bottou et al., 2013; Swaminathan & Joachims,
2015a;b; Kallus, 2018; Zhou et al., 2018) offer theoretical
results and novel methodologies for policy learning from
offline data, they primarily focus on an identically and inde-
pendent distributed (i.i.d.) setting, in which the underlying
mechanisms do over different environments. In practice,
however, shifts between environments often occur, possi-
bly invalidating the i.i.d. assumption. As a result, a learning
agent that ignores environmental shifts may fail to general-
ize beyond the environment it was trained on.

In the supervised learning context, the environmental shift
problem has been studied under different terms, such as
domain generalization, distributional robustness or out-of-
distribution generalization (Muandet et al., 2013; Volpi
et al., 2018; Arjovsky et al., 2019; Christiansen et al.,
2020). In domain generalization, the goal is to develop
learning algorithms that are robust to changes in the test
distribution. Thus a fundamental problem is how to char-
acterize such changes. A promising direction relies on a
causal framework to describe the changes through the con-
cept of interventions (Schölkopf et al., 2012; Rojas-Carulla
et al., 2018; Arjovsky et al., 2019; Christiansen et al., 2020;
Magliacane et al., 2018). A key insight is that while purely
predictive methods perform best if test and training dis-
tributions coincide, causal models generalize to arbitrarily
strong interventions on the covariates.

In real world applications, however, causal knowledge may
not be available. In recent years, invariance-based meth-
ods have been exploited to learn causal structure from data
(Peters et al., 2016; Pfister et al., 2018; Heinze-Deml et al.,
2018). The underpinning assumption is the invariance as-
sumption, which posits the existence of a set of predictors
X in which the mechanism between X and Y remains con-
stant. A model based on such invariant predictors is guar-
anteed to generalize to all unseen environments. Although
some recent studies have explored the use of causality and
invariance for tackling the environmental shifts problem in
reinforcement learning problems (Zhang et al., 2020; Sonar
et al., 2020), the actual roles and benefits of causality and
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invariance remain unclear and under-explored.

Our paper delineates an explicit connection among causal-
ity, invariance, and the environmental shift problem in the
context of contextual bandits. We develop a causal frame-
work for characterizing the environmental shift problem,
and provide a theoretically sound solution based on the pro-
posed framework. Our framework differs from the frame-
work of causal bandits (Lee & Bareinboim, 2018; Latti-
more et al., 2016; Yabe et al., 2018; de Kroon et al., 2020).
While causal bandits exploit causal knowledge for improv-
ing the finite sample performance in a single environment,
our framework focuses on modeling distributional shifts
and the ability to generalize to new environments.

In this work, we propose a multi-environment contextual
bandit framework that represents mechanisms underlying
a contextual bandit problem by structural causal models
(SCMs) (Pearl, 2009). The framework allows for changes
in environments and thereby relaxes the i.i.d. assumption.
We define environments as different perturbations on the
underlying SCM, and we evaluate the policy according to
its worst-case performance in all possible environments.
By using the proposed framework, we generalize the invari-
ance assumption used in methods such as invariant causal
prediction (Peters et al., 2016) and define an invariant pol-
icy that, under certain assumptions, is guaranteed to gener-
alize across different environments.

2. A Causal Framework for
Multi-environment Contextual Bandits

We consider a contextual bandit setup in which part of the
contexts are unobserved, where we assume that the context
variables can be partitioned into observed and unobserved
variables X and U . We introduce a collection E of envi-
ronments such that, the context (X,U) and reward R are
drawn from an environment specific distribution PeX,U,R.
We now introduce a framework that puts assumptions on
how environments change the distributions of X,U and R.
The assumptions are constructed via an underlying class of
SCMs indexed by the environment and policy.
Setting 1 (Multi-environment Contextual Bandits). Let
X = X 1 × . . . × X d, U = U1 × . . . × Up and A =
{a1, . . . , ak} be measureable spaces, let Π := {X −→
∆(A)} be the set of all policies and let E be a collection of
environments. For all π ∈ Π and all e ∈ E we consider the
following SCMs,

S(π, e) :


U := s(X, εU )

X := he(X,U, εX)

A := gπ(X, εA)

R := f(X,U,A, εR),

(1)

where (X,U,A,R) ∈ X × U × A × R, s, (he)e∈E , and

f are measurable functions, ε = (εU , εX , εA, εR) is a ran-
dom vector with a distribution Qε = QεU ⊗QεX ⊗QεA ⊗
QεR whose εA component is uniform on (0, 1) and gπ is a
function such that for all x ∈ X it holds that gπ(x, εA) is
a discrete distribution on A with probabilities π(x).

We assume there exists a probability measure µ on X ×
U × A × R such that for all π ∈ Π and all e ∈ E
the SCM S(π, e) induces a unique distribution Pπ,e over
(X,U,A,R) (see (Bongers et al., 2016) for details) which
is dominated by µ and has full support on X . We denote
the corresponding density by pπ,e and the corresponding
expectations by Eπ,e. Whenever a probability, density or
expectation does not depend on π, we omit π and write
Ee[X] rather than Eπ,e[X], for example.

Some remarks regarding these assumptions are in order:
(1) We only use the SCMs as a flexible way of modeling
the changes in the joint distribution with respect to the en-
vironment e and the policy π. In particular, we do not use
it to model any intervention distributions that do not corre-
spond to a change of policy or environment. (2) In practice,
the precise form of the SCM is unkown. In particular, we
neither assume knowledge of the functions of the SCM nor
of the structure of the SCM.

We are now ready to define contextual bandits with multi-
ple environments.

Definition 1 (Multi-environment Contextual Bandits). As-
sume Setting 1, then in a multi-environment contextual ban-
dit setup, before the beginning of each round, the system is
in an environment e ∈ E , while the agent deploys a pol-
icy π : X −→ ∆(A). Then, the system generates a context
(X,U) and reveals only the observableX and the environ-
ment label e to the agent. Based on the observed context
X , the agent selects an action A according to the policy
π. The agent then receives a reward R, depending on the
chosen action A and on both the observed and unobserved
contexts (X,U).

More precisely, we assume for all i ∈ {1, . . . , n} that
(Xi, Ui, Ai, Ri) are sampled independently according to
Pπi,eiX,U,A,R (see Setting 1). When |E| = 1, the setup reduces
to a standard contextual bandit setup.

In the multi-environment contextual bandit setup, the con-
text variables on different rounds are not identically dis-
tributed due to the environment perturbations, this permits
us to consider situations in which the training environments
differ from the test environments. The assumptions in Set-
ting 1 constrain how the environments affect the context
and reward variables. Specifically, an environment e can
only perturb the distribution of the reward R through alter-
ing the structural assignments of X . This constraint makes
it possible to generalize information learned from one set
of environments to another.
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Figure 1. The graphs induced by the SCM S(π, e) in Example 1 with a policy π{1,2} that takes both X1, X2 as inputs (left), and with
a policy π{2} that takes only X2 as an input (right). The policy π{2} is invariant w.r.t. S = {2}, which is therefore an invariant set. If
data are only available from the system in the left figure, we require testing under distributional shift to test this invariance of π{2}.

In this formulation, even though the conditional distribu-
tion of reward Pπ,eR|X,U,A is assumed to be invariant across
environments, the distribution after marginalizing out U ,
Pπ,eR|X,A, is not necessarily invariant, and since the variables
U are unobserved we only have partial information about
Pπ,eR|X,A in practice.

Example 1 (Linear Confounded Multi-environment Con-
textual Bandits). Consider a linear confounded multi-
environment contextual bandit with the following SCMs

S(π, e) :



U := εU

X1 := γeU + εX1

X2 := αe + εX2

A := gπ(X1, X2, εA)

R :=

{
X2 + U + εR, if A = 0

X2 − U + εR, if A = 1,

where εR, εA, εX1 , εX2 , εX3 are jointly independent noise
variables with zero mean, γe, αe ∈ R for all e ∈ E and
A = {0, 1}. Figure 1 depicts the induced graph Gπ . In this
example, the environments influence the observable con-
texts in two ways: (a) they change the mean of X2 via αe
and (b) they change the conditional mean of X1 given U
via γe, while the rest of the components remain fixed across
different environments. Here, the environment-specific co-
efficient γe modifies the correlation between the observable
X1 and the unobserved variable U , and consequently be-
tween X1 and the reward R. Thus, an agent that uses in-
formation from X1 to predict the reward R in the training
environments may fail to generalize to other environments.
To see this, consider a training environment e = 1 and
a test environment e = 2 and let γ1 = 1, γ2 = −1 be
the environment-specific coefficients in the training and test
environment, respectively. In the training environment, we
have a large positive correlation between X1 and U , and
consequently the agent will learn that the action A = 0
yields higher reward when observing positive value of X1

(and A = 1 otherwise). However, the correlation between
X1 and U becomes negative (and large in absolute value)
in the test environment, which means that the policy that

the agent learnt from the training environment will now be
harmful. We will see in Section 3 that a policy which de-
pends on invariant variables (X2 in this example) does not
suffer from this generalization problem and is guaranteed
to generalize across different environments.

2.1. Distributionally Robust Policies

To evaluate the performance of an agent across different
environments, we define a policy value that takes into ac-
count environments. In particular, we focus on the worst-
case performance of the agent across environments.
Definition 2 (Robust Policy Value). For a fixed policy π ∈
Π, and a set of environments E , we define the robust policy
value V E(π) ∈ R as the worst-case expected reward

V E(π) := inf
e∈E

Eπ,e
[
R
]
.

Intuitively, an agent that maximizes the robust policy value
is expected to perform well regardless of the environment.
We now assume that for several environments e ∈ Eobs,
we are given an i.i.d. sample from a multi-environment
contextual bandit, see Definition 1. More precisely, we
assume to observe D := {(Xi, Ai, Ri, πi(Xi), ei)}ni=1,
where ei ∈ Eobs, Ai ∼ πi(Xi), (Xi, Ai, Ri)

ind.∼ Pπi,eiX,A,R

for all i ∈ {1, . . . , n}. Using only D, we aim to solve the
following maximin problem:

arg max
π∈Π

V E(π). (2)

Directly solving the maximin problem (2) is not feasible
if we do not observe all the environments. A naive ap-
proach to this problem is to pool the data from all training
environments and learn a policy that maximizes the pol-
icy value ignoring the environment structure. We show in
in Appendix A that this is indeed optimal if all relevant
context variables have been observed. If, however, hid-
den confounding is present, the naive approach no longer
guarantees to find an optimal policy and the learnt policy
may fail to generalize to unseen test environments. In Sec-
tion 3, we introduce the notion of policy invariance. We
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will show that under certain assumptions solving the max-
imin problem (2) amounts to finding an optimal invariant
policy which is then guaranteed to generalize across envi-
ronments.

3. Invariant Policy for Distributional
Robustness

We now introduce invariant policies and show that the max-
imin problem (2) can, under certain assumptions, be re-
duced to finding an optimal invariant policy. For all subsets
S ⊆ {1, . . . , d}, let us denote the set of all policies that
depend only on XS by ΠS := {π ∈ Π | ∃πS : XS →
∆(A) s.t. ∀x ∈ X , π(·|x) = πS(·|xS)}.

Because of the hidden confounding, Eπ,e[R | X = x] may
not be independent of the environments. We will see below
that our model described in Setting 1 nevertheless ensures
that parts of the conditional mean may be invariant. To
make this precise, we first define an invariant policy.
Definition 3 (Invariant Policies). A policy π is said to be
invariant with respect to a subset S ⊆ {1, . . . , d} if π ∈ ΠS

and for all e, f ∈ E and all x ∈ XS it holds that

Eπ,e
[
R | XS = x

]
= Eπ,f

[
R | XS = x

]
. (3)

The conditioning set S in the above definition is important
and motivates the following definition.
Definition 4 (Invariant Sets). A subset S ⊆ {1, . . . , d} is
said to be an invariant set if there exists π ∈ ΠS that satis-
fies (3).

By definition, the invariance property of a subset S is re-
lated to the invariance of a single policy. However, under
Assumption 1 (see Appendix B), the following proposition
shows that if a subset S is invariant then all policies in ΠS

are also invariant.
Proposition 1. Assume Setting 1 and Assumption 1. Then,
for every subset S ⊆ {1, . . . , d} and for all policies π, π̃ ∈
ΠS , it holds that

π satisfies (3)⇐⇒ π̃ satisfies (3).

Proof. See Appendix D.3. �

In other words, a policy π ∈ ΠS is an invariant policy if and
only if S is an invariant set. This allows us to define the set
of all invariant policies in terms of the invariant subsets.
Formally, we denote the set of all invariant policies by

Πinv := {π ∈ Π | ∃S s.t. π is invariant w.r.t. S}. (4)

Equivalently, this set can also be written as

Πinv =
⋃

S∈Sinv

ΠS ,

where Sinv := {S ⊆ {1, . . . , d} | S is invariant} is the set
of all invariant subsets.

Invariant sets and policies play a central role in solving the
maximin problem (2). The invariance condition (3) ensures
that the conditional expectation of the reward under an in-
variant policy has to remain identical across different en-
vironments. Intuitively, this means that an invariant policy
π that yields a high reward in the training environments is
expected to also yield a high reward in the unseen test en-
vironments.
Proposition 2. Assume Setting 1 and Assumption 1. Let
Πinv be the set of all invariant policies defined in (4). Fur-
thermore, let Eobs ⊂ E be a set of training environments.
We then have that

arg max
π∈Πinv

V E(π) = arg max
π∈Πinv

V Eobs

(π) (5)

Proof. See Appendix D.4. �

In general, this is not true for non-invariant policies. In fact,
we will see in Theorem 1 that under certain assumptions on
the set E (see Appendix B) of environments, the worst-case
reward of any non-invariant policy that is optimal on the
training environments will be upper bounded by the worst-
case reward of the optimal invariant policy.
Theorem 1. Assume Setting 1, Assumptions 1 and 2,
and that both Πinv and Π \ Πinv are non-empty.
Given a set of training environments Eobs ⊂ E ,
let us define π̄∗ ∈ arg maxπ∈Πinv

V Eobs

(π),
¯
π∗ ∈

arg maxπ∈Π\Πinv
V Eobs

(π) as optimal policies under the
training environments. Then

V E(π̄∗) ≥ V E(
¯
π∗).

Proof. See Appendix D.5. �

The above results motivate a procedure to solve the max-
imin problem (2). Proposition 2 implies that if we con-
sider a policy class containing only the invariant policies,
the maximin problem will reduce to a standard policy op-
timization problem, while Theorem 1 shows that an opti-
mal invariant policy obtained in (5) always yields better or
equal performance in terms of the robust policy value com-
pared to a non-invariant one. In other words, given a train-
ing dataset D, we seek to operationalize the following two
steps: (a) using D find the set Πinv of all possible invari-
ant policies, (b) use standard methods for offline contextual
bandits to solve arg maxπ∈Πinv

V (π) on the data set D.

4. Learning an Invariant Policy
In the previous section, we showed that if a subset S ⊆
{1, . . . , d} is invariant, policies πS ∈ ΠS generalize to un-
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seen environments under suitable assumptions. We now
consider the task of testing from data whether a set S is
invariant. Let therefore H0(S, π) be the hypothesis that π
and S satisfy the invariance property

H0(S, π) : ∀e, f ∈ E,∀x ∈ XS : (6)

Eπ,e[R | XS = x] = Eπ,f [R | XS = x].

Consider now a fixed set S. By Definition 4, S is invariant
if there exists a πS ∈ ΠS , such that H0(S, πS) is true.
In this paper, we assume that the offline data are sampled
from an initial policy π0 that does not necessarily satisfy
π0 ∈ ΠS . Therefore, testing H0(S, π0) is not the right
step forward because it may happen that S is invariant but
H0(S, π0) is false. To see this, consider, e.g., the setting in
Figure 1(b). By Lemma 1 (see Appendix D.3), the set S :=
{X2} is invariant, i.e., H0(S, πS) is true. Yet, if the initial
policy π0 depends on both {X1, X2}, then H0(S, π{1,2})
is not true: In Figure 1(a), the path e → X1 → A →
R is open, and so (given Assumption 1) we do not have
invariance of Eπ

{1,2},e[R | X{2}].

Thus, we cannot directly test the invariance of a set S by
using the initial policy and the observed data. Instead, we
need to test H0(S, πS) for a policy πS ∈ ΠS that is differ-
ent from π0. As we detail in Appendix C, we can do so by
applying the method for testing invariance under distribu-
tional shifts (Thams et al., 2021) by resampling the data to
mimick the policy under πS .

5. Simulations
To verify our theoretical findings we perform two sim-
ulation experiments, where we consider a linear multi-
environment contextual bandit setting. Appendix F con-
tains the simulation details.

5.1. Generalization of Invariant Sets

Here, we first consider an oracle setting, where we know a
priori which subsets are invariant. From our data generat-
ing process, it follows that {X2} is the the only invariant
set. We then compare an invariant policy which depends
only on X2 with a policy that uses both X1 and X2. We
train both policies on a data set of size 10′000 obtained
from multiple training environments under a fixed initial
policy π0. Then we evaluate both policies on multiple un-
seen environments, where we compute the regret with re-
spect to the policy that is optimal in each of the unseen
environments. Figure 2 illustrates the experimental result.
Each data point represents the evaluation on an unseen en-
vironment. The y-axes show the regret value and the x-axes
display the distance from each unseen environment to the
training environments. The distance is computed as the `2-
norm between the average value of the pairs (αe, µeX2) in
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Figure 3. Acceptance rates for the off-policy invariance test. The
proposed method correctly accepts the set {X2} with high
chance, while gradually rejects other sets.

the training environments and the pair (αe, µeX2) in the un-
seen test environment. The plot shows that the worst-case
behavior of the invariant policy is smaller than the non-
invariant one. This empirically supports our result of The-
orem 1.

5.2. Learning an Invariant Policy

In practice, we do not know in advance which sets are in-
variant. We now aim to find an invariant policy from a data
set generated under an initial policy π0 which takes both
X1 and X2 as input. To do so, we employ the method
proposed in Section 4 for testing invariance under distribu-
tional shifts. The resulting acceptance rates are shown in
Figure 3. Our method yields high acceptance rates for the
set {X2}, which is the correct invariant set, while the ac-
ceptance rates for other sets gradually decrease as the sam-
ple size increases. Furthermore, we can see that our testing
method is more accurate when the number of training envi-
ronments increases.
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A. Policy Learning without Unobserved
Confounders

This section illustrates a setting in which it is not beneficial
to explicitly take into account the environment structure.
Here, simply pooling the data from all training environ-
ments and applying a standard value-based policy learning
algorithm yields a solution to (2). This result sheds light on
the role of causality and invariance in contextual bandits
and reinforcement learning.

Setting 2 (Unconfounded Multi-environment Contextual
Bandits). In this setting, we assume that there is no unob-
served confounder in the underlying causal model. More
precisely, we modify the model class S(π, e) in Setting 1
and consider

S(π, e) :


U := s(X, εU )

X := he(X, εX)

A := gπ(X, εA)

R := f(X,U,A, εR).

The following theorem shows that in Setting 2 there is a
population optimal policy that does not depend on the en-
vironment perturbations. In particular, the this optimal pol-
icy can be learned from data obtained in any environment
subset Eobs ⊆ E .

Theorem 2. Assume Setting 2, let Eobs ⊆ E be a non-
empty subset of observed environments and let π∗ ∈ Π the
policy defined for all x ∈ X and all a ∈ A by

π∗(a | x) := 1
[
a = arg max

a′∈A
QEobs

(x, a′)
]
, (7)

where QEobs

(x, a) := 1

|Eobs|
∑
e∈Eobs Eπa,e[R | X = x],

1[·] denotes the indicator function and πa is the policy that
always selects a. Then,

π∗ ∈ arg max
π∈Π

V E(π),

i.e., π∗ is a solution to the maximin problem (2).

Proof. See Appendix D.1. �

The proof of Theorem 2 uses that the conditional expecta-
tion of Eπa,e[R | X] does not depend on the environment.
This, in particular, implies that QEobs

(x, a) = Eπa,e[R |
X = x] for any e ∈ E . Theorem 2 therefore suggests that
we can estimate the optimal policy by pooling the data from
training environments and applying a standard value-based
policy learning algorithm. Let therefore Q̂n be an estimator
of the conditional mean Eπa [R | X] that is based on n inde-
pendent observations (Xi, Ai, Ri) from potentially differ-
ent environments. The following corollary shows that such
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an approach indeed yields a consistent estimate of the op-
timal policy given that Q̂n is consistent. (In fact, the same
arguments would work if instead of pooling, one considers
only one environment. But in practice, one would make use
of all data available.)

Corollary 1. Assume Setting 2 and let Q̂n be a uniformly
consistent estimator of QEobs

, that is, for all a ∈ A it holds
that

lim
n→∞

ED
[

sup
x∈X

∣∣Q̂n(x, a)−QEobs

(x, a)
∣∣] = 0,

where ED is an expectation over the n observations
(Xi, Ai, Ri) used to estimate Q̂n. Then, for π̂n := 1

[
a =

arg maxa′∈A Q̂n(x, a′)
]

the robust policy value converges
towards its optimal value, that is,

lim
n→∞

ED
[∣∣V E(π̂n)− V E(π∗)

∣∣] = 0,

where π∗ is the optimal policy defined in (7)

Proof. See Appendix D.2. �

Whether it is possible to construct a uniformly consis-
tent estimator Q̂n depends on the model class that can
been assumed in the structural assignment of R, and on
the policy used in generating the observations. For exam-
ple, in the case of additive confounding and noise such as
f(X,U,A, εR) = g(X,A)+h(U, εR) with g ∈ F for some
function class F) and a policy π that has full support, i.e.,
∀a ∈ A, x ∈ X : π(a | x) > 0, one can consider a least
squares estimator of the form

Q̂Eobs

n := arg min
f∈F

1

n

n∑
i=1

(f(Xi, Ai)−Ri)2.

The assumptions of Corollary 1 are then satisfied under
further constraints on the function class and noise distribu-
tions, such as linear functions, Gaussian noise and bounded
domains.

Corollary 1 implies that without hidden confounders, we
do not benefit from taking into account the environment
structure and considering invariance. However, the follow-
ing section shows that this is different when hidden con-
founders do exist.

B. Assumptions
By the Markov condition, which holds in SCMs, a d-
separation statement in a graph implies conditional inde-
pendence (Pearl, 2009; Lauritzen et al., 1990; Peters et al.,
2017). Faithfulness (Spirtes et al., 2000) assumes that the
converse holds, too.

Assumption 1 (Mean Faithfulness). For all S ⊆
{1, . . . , d} and for all π ∈ ΠS it holds that

∀e, f ∈ E,∀x ∈ XS :

Eπ,e[R | XS = x] = Eπ,f [R | XS = x]

=⇒
R ⊥⊥Gπ e | XS ,

where the symbol ⊥⊥Gπ denotes d-separation in Gπ .

We now outline the assumptions on the set of environments
E facilitation this result. As we will see in the proof of The-
orem 1 the crucial difference between invariant and non-
invariant policies is that non-invariant policies use infor-
mation - related to variables confounded with the reward -
that may change across environments. In cases where the
environments do not change the system ‘too strongly’ it can
therefore happen that using such information is beneficial
across all environments. In practice one might however not
know how strong the test environments can change the sys-
tem in which case such information can become useless or
even harmful. Intuitively, this happens, for example, if en-
vironments exist where the non-invariant confounded vari-
ables no longer contain any information about the reward.
((Christiansen et al., 2020) use confounding removing in-
terventions in the setting of prediction.) Formally, we make
the following definition.

Definition 5 (Confounding Removing Environments). As-
sume Setting 1. An environment e is said to be a confound-
ing removing environment if there exists π ∈ Π such that
for all j ∈ {1, . . . , d} for which

∀S ⊆ {1, . . . , d} : R 6⊥⊥Gπ e | XS∪{j}

it holds that
Xj ⊥⊥Gπ,e U,

where Gπ,e is the graph corresponding to the SCM S(π, e).

The existence of confounding removing environments im-
plies that at least in some of the environments it is impossi-
ble to benefit from a non-invariant policy. However, this is
not necessarily sufficient to ensure that one can not benefit
in the worst-case. Therefore we make the following addi-
tional assumption.

Assumption 2 (Strong Environments). For all e ∈ E , there
exists f ∈ E such that f is a confounding removing envi-
ronment and Pπ,eX = Pπ,fX .

C. Testing Invariance under Distributional
Shifts

To test the hypothesis H0(S, πS) for some set S ⊆
{1, . . . , d}, we apply the off-policy test from (Thams et al.,
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2021), which proposes to draw a target sample from πS by
resampling the offline data that were drawn from π0, and
to test invariance in the target sample.

More formally, we assume that for every e ∈ Eobs we ob-
serve a data set De consisting of ne observations1 De

i =
(Xe

i , A
e
i , R

e
i , π

0(Aei |Xe
i )). For all e ∈ Eobs and all i ∈

{1, . . . , ne} define the relative weights as

r(De
i ) :=

πS(Aei |Xe
i )

π0(Aei |Xe
i )
,

where πS ∈ ΠS is a target policy. Then, for all e ∈ Eobs,
we draw a weighted resample De,πS := (De

i1
, . . . , De

ime
)

of size me from De with weights

wei1,...,ime :=


∏me
`=1 r(D

e
i`

)∑
(j1,...,jme ) distinct

∏me
`=1 r(D

e
j`

)
(i1, . . . , ime) distinct

0 otherwise.
(8)

We then apply an invariance test to the resampled data
De1,π

S

, . . . , DeL,π
S

. An invariance test ϕS is a function
that takes data from environments e1, . . . , eL, each of size
mei , and tests whether S is invariant

ϕS : Dme1+...+meL → {0, 1}.

Here, ϕ = 1 indicates that we reject the hypothesis of in-
variance, and such a test is said to have pointwise asymp-
totic level if for all S invariant and all π ∈ ΠS it holds
that

lim sup
ne1 ,...,neL→∞

Pπ(ϕS(De1 , . . . , DeL) = 1) ≤ α.

We detail a concrete test ϕ below, but we first state that
the overall procedure has asymptotic level if the test ϕ has
asymptotic level under π. For simplicity, we assume that
ne1 = · · · = neL =: n and me1 = · · · = meL =: m. The
following result follows directly from (Thams et al., 2021).
Proposition 3. Suppose that for each environment
e1, . . . , eL, we observe a data set De consisting of n ob-
servations De

i = (Xe
i , A

e
i , R

e
i , π

0
i (Aei | Xe

i )). Let m =

o(
√
n) and assume that for all e ∈ E , Eπ

0

[r(De
i )

2] <
∞. Consider πS ∈ ΠS and for all e, let De,π :=
(De

i1
, . . . , De

im
) be a resample of De drawn with weights

given by (8). Let ϕ be a hypothesis test for invariance of
the conditional expectation Eπ,e[R | XS ] that has asymp-
totic level α ∈ (0, 1) when ϕ is applied to data sampled
from π. Applying ϕ to the resampled data yields pointwise
asymptotic level, that is,

lim sup
n→∞

Pπ
0

(ϕ(De1,π, . . . , DeL,π) = 1) ≤ α

if S is invariant.

1It is even possible to allow a different initial policy π0
i at each

observation i. One then needs to define the relative weights as
r(De

i ) := πS(Ae
i |Xe

i )/π
0
i (A

e
i |Xe

i ).

In other words, we can test whether XS is invariant by re-
sampling the data and applying an invariance test on the
resampled data set. Proposition 3 states that this procedure
holds level if the sample size goes to infinity.

C.1. Choice of Target Test

We now detail a test ϕ to test invariance in the target sam-
ple. We first pool data from all environments into one data
set and estimate the conditional E[R | XS ] using any pre-
diction method (such as linear regression or a neural net-
work). We then test whether the residuals R − E[R | XS ]
are equally distributed over the environments e ∈ E , i.e.,
we split the sample back into L groups (corresponding to
the environments) and test whether the residuals in these
groups are equally distributed (see also (Peters et al., 2016),
for example). We then define ϕ to be the composition of
these operations, that is, ϕ returns 1 if the test for equal
distribution of the residuals is rejected.

In the simulations in Section 5 below, we use an F -test to
test whether the residuals have the same mean across en-
vironments; this test holds pointwise asymptotic level for
all α ∈ (0, 1) (see Proposition 3). To obtain power against
more alternatives, one could also use non-parametric tests,
such as two-sample kernel tests using the maximum mean
discrepancy (Gretton et al., 2012) and then correct for
the multiple testing using Bonferroni-corrections (see also
(Rojas-Carulla et al., 2018), for example).

D. Proofs
D.1. Proof of Theorem 2

Proof. We begin by showing that the model class in Set-
ting 2 satisfies an invariance property. Let e ∈ E , a ∈ A
and x ∈ X , then by using the explicit SCM structure from
Setting 2, it holds that

Eπa,e
[
R | X = x

]
= Eπa,e

[
f(X, s(X, εU ), A, εR) | X = x

]
.

Since we assume there is no hidden confounding, it holds
that εU ⊥⊥ X which implies that

Eπa,e
[
f(X, s(X, εU ), A, εR) | X = x

]
= EεU ,εR

[
f(x, s(x, εU ), a, εR)

]
and hence Eπa,e

[
R | X = x

]
does not depend on the

environment. This in particular implies that for all e ∈ E ,
all x ∈ X and all a ∈ A, it holds that

QEobs

(x, a) = 1

|Eobs|
∑

f∈Eobs

Eπa,f [R | X = x]

= Eπa,e[R | X = x]. (9)
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We thus have for any policy π ∈ Π and x ∈ X that,

max
a∈A

QEobs

(x, a) ≥ Eπ,e[R | X = x]. (10)

Next, take the expectation over X on both sides to get

Ee
[

max
a∈A

QEobs

(X, a)] ≥ Ee
[
Eπ,e[R | X]

]
= Eπ,e

[
R
]
.

Finally, taking the infimum over e ∈ E leads to

inf
e∈E

Ee
[

max
a∈A

QEobs

(X, a)] ≥ inf
e∈E

Eπ,e
[
R
]
. (11)

By definition, the policy

π∗(a | x) := 1
[
a = arg max

a′∈A
QEobs

(x, a′)
]

satisfies Eπ
∗,e
[
R
]

= Ee
[

maxa∈AQ
Eobs

(X, a)]. There-
fore (11), implies that π∗ is an optimal policy, which com-
pletes the proof of Theorem 2. �

D.2. Proof of Corollary 1

Proof. We begin by defining for all n ∈ N the term

c(n) = max
a∈A

sup
x∈X
|QEobs

(x, a)− Q̂n(x, a)|.

AsA is assumed to be finite and because Q̂n is assumed to
be uniformly convergent it holds that

lim
n→∞

ED[c(n)] = 0. (12)

Moreover, as shown in (9), in the proof of Theorem 2, we
know that for all e ∈ E , all a ∈ A and all x ∈ X it holds
that

QEobs

(x, a) = Eπa,e[R | X = x].

This implies that for all x ∈ X and all e ∈ E it holds that

Eπ̂n,e[R | X = x]

=
∑
a∈A

Eπa,e[R | X = x]π̂n(a|x)

=
∑
a∈A

QEobs

(x, a)π̂n(a|x)

=
∑
a∈A

Q̂n(x, a)π̂n(a|x)

+
∑
a∈A

(QEobs

(x, a)− Q̂n(x, a))π̂n(a|x). (13)

Next, observe that∣∣∣∣∣∑
a∈A

(QEobs

(x, a)− Q̂n(x, a))π̂n(a|x)

∣∣∣∣∣
≤
∑
a∈A

∣∣∣QEobs

(x, a)− Q̂n(x, a)
∣∣∣ π̂n(a|x)

≤ c(n) (14)

and ∑
a∈A

Q̂n(x, a)π̂n(a|x)

= max
a∈A

Q̂n(x, a)

= max
a∈A

QEobs

(x, a) (15)

+ (max
a∈A

Q̂n(x, a)−max
a∈A

QEobs

(x, a)).

Using (14), (15) and (13) together with the triangle inequal-
ity leads to∣∣∣∣Eπ̂n,e[R | X = x]−max

a∈A
QEobs

(x, a)

∣∣∣∣
=
∣∣∣max
a∈A

Q̂n(x, a)−max
a∈A

QEobs

(x, a)

+
∑
a∈A

(QEobs

(x, a)− Q̂n(x, a))π̂n(a|x)
∣∣∣

≤ 2c(n).

This in particular implies that for all e ∈ E and all x ∈ X
it holds that

max
a∈A

QEobs

(x, a)− 2c(n) ≤ Eπ̂n,e[R | X = x]

and that

Eπ̂n,e[R | X = x] ≤ max
a∈A

QEobs

(x, a) + 2c(n).

Taking the expectation over X and the infimum over E in
both inequalities leads to

V E(π∗)− 2c(n) ≤ V E(π̂n) ≤ V E(π∗) + 2c(n).

Finally, we use (12) and get that

lim
n→∞

ED
[
|V E(π̂n)− V E(π∗)|

]
≤ lim
n→∞

ED[4c(n)] = 0.

This completes the proof of Theorem 1. �

D.3. Proof of Proposition 1

Proof. First, we show in the following Lemma that the op-
posite of the mean faithfulness holds true.

Lemma 1 (Extended Markov Property). For any fixed pol-
icy π ∈ Π, it holds for all subsets S ⊆ {1, . . . , d} and for
all Z ∈ {U,R} that

Z ⊥⊥Gπ e | XS

=⇒
∀e, f ∈ E,∀x ∈ XS :

Eπ,e[Z | XS = x] = Eπ,f [Z | XS = x],

where the symbol ⊥⊥Gπ denotes d-separation in the graph
Gπ .
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Next, fix S ⊆ {1, . . . , p}, and let π ∈ ΠS . Assume π is
an invariant policy, i.e., satisfies (3). By mean faithfulness,
we have that R ⊥⊥Gπ e | XS . Furthermore, since for all
π′ ∈ ΠS the graphs Gπ′ and Gπ are identical, this implies
that the same d-separation also holds in Gπ′ . Consequently,
by Lemma 1, we then have for all π′ ∈ ΠS it holds that

∀e, f ∈ E,∀x ∈ XS : Eπ,e[Z | XS = x] = Eπ,f [Z | XS = x],

which concludes the proof of Proposition 1. �

D.3.1. PROOF OF LEMMA 1

Proof. Lemma 1 corresponds to a global Markov prop-
erty in the augmented graph (including the non-random en-
vironment index). Such results are well-established and
heavily used in settings in which E is finite, for example
in influence diagrams (Dawid, 2002). The result, however,
also holds for more general E .

To prove this, we will first fix π ∈ Π, S ⊆ {1, . . . , d}
and Z ∈ {U,R}. Furthermore, let e ∈ E , let Σ be
the discrete σ-algebra on E and let νe : Σ → [0, 1]
be a probability measure that puts non-zero mass on {e}.
Adding a random variable E with distribution νe the class
of SCMs (S(π, f))f∈E induces a joint distribution over
(E,X,U,A,R) that is globally Markov with respect to the
graph Gπ . This implies that the d-separation Z ⊥⊥Gπ E |
XS (which is implied by Z ⊥⊥Gπ e | XS) implies that
the joint distribution (E,X,U,A,R) satisfies the follow-
ing conditional independence

Z ⊥⊥ E | XS .

By definition this implies for all x ∈ XS and all f ∈ E
with νe(f) > 0 that

Ef [Z |XS = x] = E[Z |XS = x,E = f ] = E[Z |XS = x],

where the expectations without superscript are taken with
respect to the joint distribution including E. The function
w(x) := E[Z, |XS = x] therefore no longer depends on
the environment nor on νe. Since νe(e) > 0 this in particu-
lar implies that for all x ∈ XS it holds that

Ee[Z |XS = x] = w(x).

As this construction works for all e ∈ E , this completes the
proof of Lemma 1. �

D.4. Proof of Proposition 2

Proof. As before, we define πa(a′ | x) := 1
[
a′ = a

]
as

the policy that always selects the action a and Sinv as the
collection of all invariant sets.

For any set S ∈ Sinv it holds by definition of invariant sets
that QeS does not depend on e, we will therefore drop the

superscript e in these cases. For all S ∈ Sinv, all policies
πS ∈ ΠS , all x ∈ X and all e ∈ E it further holds that

max
a∈A

Eπa,e[R | XS = x] ≥ Eπ
S ,e[R | XS = x],

see Equation (10). Taking the expectation overXS on both
sides yields

Ee
[

max
a∈A

Eπa,e[R | XS ]
]
≥ Ee

[
Eπ

S ,e[R | XS ]
]

= Eπ
S ,e[R]. (16)

Next, we define the invariant blanket SIB as the smallest
set SIB ⊆ Sinv that satisfies

∀S ∈ Sinv\SIB : Eπa [R | XS , XSIB\S ] = Eπa [R | XSIB ].

Then we have that

Ee
[

max
a∈A

Eπa,e[R | XS ]
]

= Ee
[

max
a∈A

EeXSIB\S
[
Eπa,e[R | XS , XSIB\S ]

]]
,

by Jensen’s inequality,

≤ Ee
[
EeXSIB\S

[
max
a∈A

Eπa,e[R | XS , XSIB\S ]
]]

by the definition of the invariant blanket SIB ,

= Ee
[
EeXSIB\S

[
max
a∈A

Eπa,e[R | XSIB ]
]]

= Ee
[

max
a∈A

Eπa,e[R | XSIB ]
]
.

Combining with (16), we have

Ee
[

max
a∈A

Eπa,e[R | XSIB ]
]
≥ Eπ

S ,e[R]

Taking the infimum over e ∈ E leads to

inf
e∈E

Ee
[

max
a∈A

Eπa,e[R | XSIB ]
]
≥ inf
e∈E

Eπ
S ,e
[
R
]

= V E(πS).

(17)
Furthermore, for

π∗(a | x) := 1
[
a = arg max

a′∈A
Eπa′

[
R | XSIB = x

]]
we have

V E(π∗) = inf
e∈E

Eπ
∗,e
[
R
]

= inf
e∈E

Ee
[
Eπ
∗,e[R | XSIB ]

]
= inf
e∈E

Ee
[

max
a∈A

Eπa,e[R | XSIB ]
]

And because the inequality (17) holds for all S ∈ Sinv and
all πS ∈ ΠS , this implies

π∗ ∈ arg max
π∈Πinv

V E(π).

By taking the infimum over Eobs (instead of E) before (17),
we also get that π∗(a | x) ∈ arg maxπ∈Πinv

V Eobs

(π).
This completes the proof of Proposition 2. �
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D.5. Proof of Theorem 1

Proof. To simplify notation we assume Xk ∈ DE(Xk).
We begin by defining the stable set

SNI := {1, . . . , d}\{j ∈ {1, . . .} | ∃k ∈ CI : j ∈ DE(Xk)},

where CI are confounded and directly intervened on nodes
(i.e., for k ∈ CI there exists ` ∈ {1, . . . , p} such that e →
Xk ← U ` → R). Furthermore, let us denote πa(a′ | x) :=
1
[
a′ = a

]
as the policy that always selects the action a.

Now we provide the following lemmas which are the main
parts of our proof.

Lemma 2 (Stable sets and Invariance). Assume Setting 1
and Assumption 1. If an invariant set exists, it holds that
the stable set SNI is an invariant set.

Lemma 3 (Lower bound on V E(π̄∗)). Assume Setting 1
and Assumption 1. Let π̄∗ ∈ arg maxπ∈Πinv

V Eobs

(π).
Then it holds that

V E(π̄∗) ≥ inf
e∈E

EeXSNI
[

max
a∈A

Eπa
[
R | XSNI

]]
.

Lemma 4 (Upper bound on V E(
¯
π∗)). Assume Setting 1

and Assumptions 1 and 2. Let π ∈ Π\Πinv be an arbitrary
non-invariant policy. Then it holds that it holds that

V E(π) ≤ inf
e∈E

EeXSNI
[

max
a∈A

Eπa
[
R | XSNI

]]
.

Then, based on these Lemmas, the proof proceeds
as follows: Let π̄∗ ∈ arg maxπ∈Πinv

V Eobs

(π) and

¯
π∗ ∈ arg maxπ∈Π\Πinv

V Eobs

(π), then by Lemma 3 and
Lemma 4, we have

V E(π̄∗) ≥ V E(
¯
π∗),

which concludes the proof of Theorem 1. �

D.5.1. PROOF OF LEMMA 2

Proof. Recall our definition of the stable set

SNI := {1, . . . , d}\{j ∈ {1, . . .} | ∃k ∈ CI : j ∈ DE(Xk)},

where CI are confounded and directly intervened on nodes
(i.e., for k ∈ CI there exists ` ∈ {1, . . . , p} such that e →
Xk ← U ` → R).

Claim 1. If an invariant set exists, it holds that SR ⊆ SNI .

Proof. We prove the claim by contrapositive. Assume that
there exists j ∈ SR such that j /∈ SNI . This implies that
there exist k ∈ {1, . . . , d} and ` ∈ {1, . . . , p} such that
e → Xk ← U ` → R in Gπ and j ∈ DE(Xk). Now, we
will show that there is no invariant set. Let S ⊆ {1, . . . , d}
be an arbitrary set. There are two possibilities,

(a) j ∈ S: Since j ∈ DE(Xk), the path e → Xk ←
U ` → R is d-connected given S, and therefore R 6⊥⊥
Gπe | XS . By Assumption 1, this directly implies that
S is not an invariant set.

(b) j /∈ S: Since j ∈ SR is a parent of R, S can only d-
separates e fromR if PA(Xj) ∈ S. However, because
j ∈ DE(Xk), the path e → Xk ← U ` → R is d-
connected given PA(Xj). We thus have that R 6⊥⊥
Gπe | XS , which by Assumption 1 implies that S is
not an invariant set.

The two possibilities conclude that there is no invariant set
which completes the proof (by contrapositive). �

Now, we prove the main result. By Lemma 1, it suffices to
show that any path ρ from e to R is d-separated given SNI .
First, by Claim 1, we have that SR ⊆ SNI . Therefore, if
the path ρ enters R through a parent it will be d-separated
given XSNI . So assume ρ enters R through a hidden vari-
able U `. Then, there are two cases:

(i) ρ : e→ · · ·Xk → Xj ← U ` → R

(ii) ρ : e→ · · ·Xk ← Xj ← U ` → R

In case (i), sinceXj is a collider, ρ can only be d-connected
given XSBe(R) if k 6∈ SNI and DE(Xj) ∩ SNI 6= ∅. Con-
sider two cases:

(a) k ∈ SNI : This directly implies that ρ is d-separated
given XSNI .

(b) k 6∈ SNI : By definition of SNI it holds that DE(Xk)∩
SNI = ∅. Hence, ρ is d-separated given XSNI .

We have therefore shown that in case (i) the path ρ is d-
separated given XSNI . Next, consider the case (ii) and let
Xr be the collider closest to Xj on ρ. The path ρ can only
be d-connected given XSNI if j 6∈ SNI and DE(Xr) ∩
SNI 6= ∅. Consider the two cases:

(a) j ∈ SNI : This directly implies that ρ is d-separated
given XSNI .

(b) j 6∈ SNI : Since DE(Xr) ⊆ DE(Xj), this implies that
DE(Xr)∩SNI = ∅. Hence, the path ρ is d-separated
given XSNI .

From the above two cases, we have shown that the path ρ is
d-separated byXSNI , which proves that SNI is an invariant
set.

�
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D.5.2. PROOF OF LEMMA 3

Proof. Let Πinv be the set of all invariant policies defined
in (4). First, from Proposition 2, we have that

∀πinv ∈ Πinv : V E(π̄∗) ≥ V E(πinv).

Because SNI is an invariant set (by Lemma 2), the above
inequality directly implies

V E(π̄∗) ≥ inf
e∈E

EeXSNI
[

max
a∈A

Eπa
[
R | XSNI

]]
,

which concludes the proof of Lemma 3. �

D.5.3. PROOF OF LEMMA 4

Proof. Recall our definition of the stable set

SNI := {1, . . . , d}\{j ∈ {1, . . .} | ∃k ∈ CI : j ∈ DE(Xk)},

where CI are confounded and directly intervened on nodes
(i.e., for k ∈ CI there exists ` ∈ {1, . . . , p} such that e →
Xk ← U ` → R). To begin with, we provide the following
claim as part of the main proof.

Claim 2. If e ∈ E is a confounding removing environment
it holds that ∀j ∈ {1, . . . , d} \ SNI : R ⊥⊥Gπ Xj | XSNI .

Proof. Let j ∈ {1, . . . , x} \ SNI , then by definition there
exist k ∈ {1, . . . , d} and ` ∈ {1, . . . , p} such that e →
Xk ← U ` → R in Gπ and j ∈ DE(Xk). Since Xk

is a collider this implies that for all S ⊆ {1, . . . , d} it
holds that R 6⊥⊥Gπ e | XS∪{j}. Therefore, by the def-
inition of a confounding removing environment we know
that Xj ⊥⊥Gπ,e U . Additionally, by Claim 1, we also
know that SR ⊆ SNI . Thus, R and Xj can only be d-
connected given XSNI if there exists u ∈ {1, . . . , d} and
v ∈ {1, . . . , p} such that Xj → Xu ← Uv → R and
SNI ∩ DE(Xu) 6= ∅. However, since u ∈ DE(Xj), this
implies that u ∈ DE(Xk). Then, by the definition of SNI
we have that SNI ∩ DE(Xu) 6= ∅ which then concludes
that R ⊥⊥Gπ Xj | XSNI and completes the proof. �

Now, we are ready to prove the main result. Let π ∈ Π \
Πinv be an arbitrary non-invariant policy, and XS be the
variables that the policy π depends on, i.e., there exists πS :
XS → ∆(A) such that for all x ∈ X it holds that π(·|x) =
πS(·|xS). We have

V E(π)

= inf
e∈E

Eπ,e
[
R
]
,

by the tower property of conditional expectation,

= inf
e∈E

EeXSNI ,XS\SNI
[
Eπ,e

[
R | XSNI , XS\SNI

]]
= inf

e∈E
EeXSNI ,XS\SNI

[ ∫
Eπa,e

[
R | XSNI , XS\SNI

]
π(a|XS)µ(da)

]
.

Now, we use Assumption 2. For each e ∈ E we
choose a confounding removing environment f(e) such
that Pπ,f(e)

X = Pπ,eX . We then have

V E(π)

≤ inf
e∈E

EeXSNI ,XS\SNI
[ ∫

Eπa,f(e)
[
R | XSNI , XS\SNI

]
π(a|XS)µ(da)

]
.

Next, we use the result from Claim 2. We have that ∀j ∈
{1, . . . , d} \ SNI : R ⊥⊥Gπ Xj | XSNI . Then, by the
Markov property, we get

V E(π)

≤ inf
e∈E

EeXSNI ,XS\SNI
[ ∫

Eπa,f(e)
[
R | XSNI

]
π(a|XS)µ(da)

]
,

we can then omit f(e) since SNI is an invariant set
(Lemma 2),

= inf
e∈E

EeXSNI ,XS\SNI
[ ∫

Eπa
[
R | XSNI

]
π(a|XS)µ(da)

]
= inf

e∈E
EeXSNI

[ ∫
Eπa

[
R | XSNI

]
EeXS\SNI

[
π(a|XS)

]
µ(da)

]
,

letting π̃(a | XSNI ) := EXS\SNI [π(a|XS)],

= inf
e∈E

EeXSNI
[ ∫

Eπa
[
R | XSNI

]
π̃(a | XSNI )µ(da)

]
≤ inf
e∈E

EeXSNI
[

max
a∈A

Eπa
[
R | XSNI

]]
.

�

D.6. Proof of Theorem 3

Proof. We only show that our setting with environments
can be cast as that in (Thams et al., 2021), which has no
reference to environments.
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First we randomly permute the rows of each dataset De to
obtain a set D̃e. Then construct an auxiliary data set DE ,
where each observation Di of DE is the concatenation of
the i’th observation (after permutation) from all environ-
ments, Di := (D̃e1

i , . . . , D̃
eL
i ).

We can now apply the resampling methodology from
(Thams et al., 2021) to draw a sequence (Di1 , . . . , Dim)
with weights given by (8) where

r(Di) :=
π(Ae1i | X

e1
i )

π0(Ae1i | X
e1
i )
· · · π(AeLi | X

eL
i )

π0(AeLi | X
eL
i )

Because the observations are independent, both
within and between environments, the prob-
ability of the sequence (Di1 , . . . , Dim) =
((De1

i1
, . . . , DeL

i1
), . . . , (De1

im
, . . . , DeL

im
)) is equal to

the probability of drawing first m observations from e1,
(De1

i1
, . . . , De1

im
), and then m from e2 etc. �

E. Connection to Random Environments
It is possible to define multi-environment contextual ban-
dits using random environments.

Setting 3 (Random Environment Contextual Bandits). Let
X = (X1, . . . , Xd) ∈ X = X 1 × . . . × X d, U =
(U1, . . . , Up) ∈ U = U1 × . . . × Up, A ∈ A =
{a1, . . . , ak}, R ∈ R, E ∈ E . For any π ∈ {π : X −→
∆(A)}, let gπ denote the function that ensures, for all
x ∈ X , gπ(x, εA) equals π(x) in distribution for a uni-
formly distributed εA. Now, consider functions s, h, and f ,
a factorizing distribution Pε = PεE×PεU×PεX×PεA×PεR
whose εA component is uniform, and a structural causal
model S(π) given by

S(π) :



E := εE

U := s(X, εU )

X := h(X,U,E, εX)

A := gπ(X, εA)

R := f(X,U,A, εR).

Assume further that for all π, the SCM induces a unique
distribution over (E,X,U,A,R), which we denote by Pπ .
The structure of the SCM S(π, e) can be also visualized by
a graph Gπ which is constructed in a similar way to the
graph in Setting 1, except that the environment becomes
one of the variable nodes in this graph.

Remark 1. Setting 3 is a special case of Setting 1 in the
following sense: Assume, starting from Setting 3, for all
i ∈ {1, . . . , n} that (Xi, Ui, Ai, Ri, Ei), are independent
and distributed according to PπiX,U,A,R,E . Then, defining
he(·, ·) := h(·, e, ·), we have that, for all i ∈ {1, . . . , n},
(Xi, Ui, Ai, Ri), are independent and distributed according
to Pπi,EiX,U,A,R, using Setting 1.

F. Simulation Details
F.1. Data Generating Process

We generate data from the following SCM S(π, e):

U := µU + εU

X2 := µeX2 + εX2

X1 := αeU + εX1

A | X1, X2 ∼ π(A | X1, X2)

R := βA,1X
2 + βA,2U + εR,

where εU , εX2 , εX1 , εR ∼ N (0, 1), A takes values in the
space {a1, . . . , aL}. In our experiments, we consider 3
possible actions (L = 3) and randomly draw the param-
eters µU , βa1,1, . . . , βa3,1, βa1,2, . . . , βa3,2 from N (0, 1),
while the environment-specific parameters µeX2 , αe are
drawn from N (0, 4). These parameters are then fixed
across all experiment runs.

F.2. Policy Optimization Algorithm

In Section 5.1, we consider the policy of the form

πS(a | x) := 1
[
a = arg max

a′∈A
f̂S(x, a′)

]
,

where f̂S is an estimator of the conditional mean Eπa(R |
XS) and πa is the policy that always selects a.

Given observations {(X1
i , X

2
i , Ai, Ri, ei)}ni=1 from an ini-

tial policy π0, we find an importance-weighted regressor

f̂S := arg min
f∈FS

n∑
i=1

1

π0(Ai | Xi)
(f(Ai, X

S
i )−Ri)2, (18)

whereFS = {XS×A −→ R} is a class of functions. In our
experiment, we consider a linear function class. Solving
the objective (18) then reduces to fitting a weighted linear
regression.


