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Abstract

While much of bandit learning focuses on min-
imizing regret while learning an optimal policy,
it is often of interest to estimate the maximum
value achievable before learning the optimal pol-
icy, which can be of use as an input to down-
stream tasks like model selection. Prior work
in contextual bandits has considered this in the
Gaussian setting. Here, we study the problem
of approximating the optimal policy value in the
more general linear contextual bandit problem,
and we focus on whether it is possible to do so
with less data than what is needed to learn the
optimal policy. We consider two objectives: (1)
estimating upper bounds on the value and (2) esti-
mating the value directly. For the first, we present
an adaptive upper bound that is at most logarith-
mic factor larger than the value and tight when the
data is Gaussian and show that it is possible to es-
timate this upper bound in O(v/d) samples where
d is the number of parameters. As a consequence
of this bound, we show improved regret bounds
for model selection. For the second objective, we
present a moment-based algorithm for estimating
the optimal policy value with sample complex-
ity O(+/d) for sub-Gaussian context distributions
whose low order moments are known.

1. Introduction

Classic paradigms in multi-armed bandits (MAB), contex-
tual bandits (CB), and reinforcement learning (RL) con-
sider a plethora of objectives from best-policy identification
to regret minimization. The meta-objective is typically to
learn an explicit, near-optimal policy from samples. The
actual performance of an optimal policy, typically denoted
as optimal value V'* is often unknown ahead of time. This
quantity may depend in complex ways on the nature of
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the context space, as well as the function approximators
used to represent the policy class or value functions. In
many applications, many learner’s choices such as the rich-
ness of the policy class are often unclear a priori. In such
learning situations it would be useful if it was possible to
quickly estimate V'* and assess the target performance value
in order to decide whether to adjust the learner’s choices
before spending valuable resources solving the task. For
example, prior work that used online policy search to op-
timize educational activity selection has sometimes found
that some of the educational activities contribute little to
student success (Antonova et al., 2016). In such settings, if
the resulting performance is inadequate, knowing this early
could enable a system designer to halt and then explore
improvements, like to introduce new actions (Mandel et al.,
2017), refine the state representation to enable additional
customization (Keramati and Brunskill, 2019) or explore
alternate policy classes, in an effort to change the system in
order to more effectively support student learning. Indeed
a number of recent papers on on-the-fly automated online
model selection for bandit and reinforcement learning set-
tings (Agarwal et al., 2017; Foster et al., 2019; Chatterji
et al., 2020; Pacchiano et al., 2020; Lee et al., 2021) lever-
age a V*-estimation (or closely related gap estimation) sub-
routine. Lee et al. (2021) in particular provides a clean
characterization of the additional advantages afforded to
online model selection when V* can be estimated faster
than the optimal policy.

Despite its importance, the amount of data needed to es-
timate V' * is poorly understood in real-world settings. A
naive and expensive way to do so would be to plug in the
estimate of the value of an approximately optimal policy
learned from samples; however, this necessitates fully de-
ploying an algorithm before knowing what it is capable of.
In this work, we pursue a more ambitious agenda, and ask if
it is possible to estimate the optimal value V* faster than
learning an optimal policy. Prior work suggests that this is
possible but has only considered a quite restricted setting:
(Kong et al., 2020) show that in the setting of disjoint linear
contextual bandits with Gaussian contexts with known co-
variances it is possible to estimate V* accurately with only
Oc.k (v/d) samples, a quantity significantly smaller than the
O¢, i (d) samples required to learn a good policy. Here, d is
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the number of parameters and O i hides dependence on
the target accuracy € and number of actions K.

Our work shows that this fast rate is attainable under much
more general distributional assumptions on the contexts. We
provide a range of procedures to provably estimate V'* and
upper-bound surrogates on V'* at a faster rate than estimat-
ing the optimal policy itself. Our strongest guarantees are
on the surrogates on V'* that are sufficient for testing model
misspecification, thereby providing improved model selec-
tion guarantees. Our results show that strong estimation-
theoretic guarantees are possible even in large-action set-
tings.

1.1. Our contributions

We consider the problem of estimating the optimal value V'*
in a d-dimensional stochastic linear contextual bandit prob-
lem where we provide several new estimators of V* and
show that they achieve the fast rate O x (v/d) in a variety of
settings beyond Gaussianity. In particular: (1) We provide
information-theoretic lower bounds on the rate of estimation
of V*. We show that if the action set is unrestricted, the
rate of estimation for the optimal value V* scales linearly
with the input dimension d in the worst case. (2) When
the contexts are sufficiently well-conditioned and second
order moments are known, a related task of estimating an
informative upper bound on V* can be done with sample
complexity that is sublinear in the problem dimension. Our
upper bound is especially useful for approximating gaps
between linear model classes and can be used to improve
model selsection. (3) When the distribution of the context
vectors is sub-Gaussian and moments are known up to an
arbitrary order (i.e., known mean, covariance, etc.), we ob-
tain estimates on V'* directly with a large dependence on K
and the accuracy e~ ! but with sublinear sample complexity
in the dimension d. This illustrates the surprising ability of
estimating V* with O, x (v/d) sample size to hold much
more generally than the Gaussian setting studied in (Kong
et al., 2020).

1.2. Related Work

One can show (see Proposition 1) that in the MAB setting,
because there is a lack of shared information between the
different arms, estimating the optimal arm’s value is no eas-
ier than solving the best arm identification problem (Bubeck
et al., 2009; Audibert et al., 2010; Gabillon et al., 2012;
Karnin et al., 2013; Jun et al., 2016) (equivalently, mini-
mizing the number of samples needed to identify the best
arm with high confidence (Even-Dar et al., 2006; Maron
and Moore, 1994; Mnih et al., 2008; Jamieson et al., 2014;
Katz-Samuels and Jamieson, 2020)). Similarly, best-arm
identification has been studied in the non-contextual linear
bandit problem (Hoffman et al., 2014; Soare et al., 2014;

Karnin, 2016; Tao et al., 2018; Xu et al., 2018; Fiez et al.,
2019; Jedra and Proutiere, 2020) where each arm is associ-
ated with a fixed feature across rounds.

In this linear CB setting, as well as in the non-disjoint set-
ting (Chu et al., 2011), there is significantly more shared
structure across actions. Surprisingly little work has been
spent on trying to directly address the problem of V* esti-
mation even in this case of shared structure. This problem
was first proposed by Kong et al. (2020). In the Gaussian
context setting they develop a information theoretically op-

timal and efficient algorithm which can estimate V* up to €

error within O ( \/EQK ) in the disjoint contextual bandits set-

ting. In this work, we consider the standard non-disjoint lin-
ear contextual bandits setting and show that V' *-estimation
is possible under significantly broader distribution models
for the contexts. A particularly critical application of V*-
estimation arises in online model selection in CB (Agarwal
et al., 2017; Foster et al., 2019; Chatterji et al., 2020; Pac-
chiano et al., 2020; Lee et al., 2021). We leverage our faster
estimators of V* to improve the model selection results
of (Foster et al., 2019) in the linear CB setting.

2. Preliminaries

We consider the stochastic contextual bandit problem with a
set of contexts X and a finite set of actions A = [K] (with
K = | A|). At each timestep, a context-reward pair (X, Y})
is sampled i.i.d from a fixed distribution D, where X; € X
and Y; € RX is a reward vector indexable by actions from
A. Upon seeing the context X, the learner chooses an
action A; and collects reward Y;(A;).

Let f*(z,a) = E[Y (a) | 2] and let 7* be the optimal policy
such that 7*(x) € argmax,c 4 f*(2,a). The quantity of
interest throughout this paper is the average value of the
optimal policy, defined as

V¥ =EY(r*(X)) =Ex meajcf(X,a) (D

For an arbitrary policy 7 : X — A, we define V™ =
E Y(7n(X)). In contextual bandits the learner’s goal is
typically to either propose a sequence of policies {7 }¢c|7y
that minimizes cumulative regret

Regy(mr) = Y V*-V™ )
te[T]

or to sample-efficiently find a policy 7 such that V* — V™ <
e for some target ¢ > 0. We restrict our attention to the
linear contextual bandit. We assume that there is a known
feature map ¢ : X x A — R? and a vector § € R such
that f(z,a) = (#(x,a),0) forallz € X, a € A
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2.1. Distribution Assumptions

Throughout this work we make certain distributional as-
sumptions whose definitions we introduce in this sec-
tion. A random variable Z is sub-Gaussian if there
exists 0 > 0 such that E[|Z|P]"/? < o./p for all
p > 1 and we define ||Z]|,, as the smallest such o:

1Zy, = sup,>; p_1/2]E[|Z\p]1/p. A random vector
Z is sub-Gaussian if there exists o such that ||Z]|y, =
SUpyegd-1 H <Z,’U> H’Lh <o.

We assume that the mean reward for any fixed action is
zero. That is, Ef*(X,a) = 0 forall a € Aand Y(a) —
E[Y (a)|X] ~ subG(o?) for all a € A. Now, we state two
distributional assumptions on the context distributions that
will be common throughout the rest of the paper. Some
additional assumptions will be required later for certain
individual results.

Assumption 1. The covariance matrices %, =
S = Ex[o(X,a)¢(X,a)"] and .
1
Ex [(6(X,a) = 6(X, ) (6(X,a) — (X, a)|  are
known. Furthermore, The average covariance matrix of all
actions a € [K| is the identity: ¥ := % > ae(k] 2o = lLa.

The identity requirement is essentially requiring that the
average covariance matrix X is well-conditioned as we can
simply apply a linear transformation ¥ ~1/2¢ (X, A) where
A ~ Unif[K] to whiten the data. That these covariance
matrices are known' is realistic in settings when a large
amount of non-interaction data is available, i.e., unlabeled
data from D only containing the context X, in which case
>, and ¥, o/ can be estimated with high accuracy. This
known covariance setting was also previously considered
by (Kong et al., 2020).

Assumption 2. Let (X,Y) ~ D be an independent context-
reward pair. There are constants o, 7 > 0 such that the
following is satisfied. For all a € [K)], (1) E¢(X,a) = 0.
(2) the noise n(a) := Y (a) — f(X,a) is independent of
X and sub-Gaussian with ||n|y, < 0. (3) ¢(X, a) is sub-
Gaussian with ||¢(X, )|y, < T.

The above is a major departure from (Kong et al., 2020) who
instead made the restrictive assumption that 1 and ¢(X, -)
be Gaussian. The weaker conditions of Assumption 2 allow
for far more general distributions. Finally, we note that
there is a careful balance between requiring that the average
covariance matrix be identity and requiring that the sub-

'In settings where the covariance matrix is unknown, we can
frequently plug in an estimate of the covariance matrix from a
larger number of unlabeled samples and obtain similar guarantees
as in the known-covariance case; this is particularly useful in
the model selection problem for contextual bandits (Foster et al.,
2019). In the absence of a plethora of unlabeled data, impossibility
results on estimating V' are well-known even in the single-action
setting (Verzelen et al., 2018).

Gaussianity parameter 7 be constant, which necessarily
precludes ill-conditioned distributions. In the next section,
we show that both known and well-conditioned covariance
matrix X is in fact critical to obtain the sublinear estimation
results of this work.

3. Hardness Results

We begin the discussion of V* estimation with several nega-
tive results, showing that, in certain problem settings, it is
not possible to do significantly better than simply finding
the optimal policy. A natural starting point is the classical
K -armed bandit problem where f*(z,a) is independent of
z (and for this part only we assume that the means are non-
zero), equivalently represented as a mean vector u € R,
The feedback is the same: Y (a) = p, + 7(a). In this case,
V* is defined as V* = max, pt,. The following proposi-
tion asserts that it is not possible to get significantly better
dependence on K or € in estimating V'*.

Proposition 1. There exists a class of K -armed bandit prob-
lems satisfying |11 = O(1) such that any algorithm that
returns an e-optimal estimate of V'* with probability at least
2/3 must use Q(K/e?) samples.

The lower bound for the multi-armed bandit problem can
be readily converted to a lower bound for certain linear
contextual bandits as well, showing that one can expect at
least linear dependence on d in the large action regime.

Proposition 2. There exists a class of linear contextual
bandit problems satisfying Assumption 2, with ¢ : X X A —
R? and K > d, such that any algorithm that returns an e-
optimal estimate of V* with probability at least 2 /3 must use
Q(d/€?) samples. Under the same assumption, there exists
a class of linear contextual bandit problem with K = 2, and
an absolute constant c, such that any algorithm that returns
an c-optimal estimate of V'* with probability at least 2/3
must use Q(d) samples.

The first lower bound (for large action-settings) holds even
when the algorithm has full knowledge of the covariance
matrix 2 of all the actions. The second lower bound holds
even in the Gaussian setting, but only when the covariance
structure is unknown to the algorithm. Even with knowl-
edge of the covariance, certain non-Gaussian distributions
over covariates, such as the construction above, can force a
lack of sharing of information that prevents the desired fast
estimation even under the conditions of Assumption 2.

These lower bounds suggest that, in general, optimal pol-
icy value estimation is no easier than learning the optimal
policy itself. It is natural then to ask if fast estimation is
possible at all outside of the Gaussian case. In the following
sections, we answer this affirmatively and present several
positive results made possible by leveraging some additional
a structure. In particular a known and well-conditioned
covariance by virtue of Assumption 1 proves critical for
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such positive results. Note that one of the key aspects
of the lower bound construction in Proposition 2 is that
the covariate distribution has fairly small singular values:
E¢(X,a)¢(X,a)" = 114

4. Estimating Upper Bounds on V'*

We now present several positive results made possible by
leveraging some additional structure. The first will concern
a variant of the V* estimation problem: here, our goal
will be to instead approximate V* with an upper bound
and then estimate this upper bound efficiently. Our main
insight is to upper-bound the stochastic process given by
{(0,9(X, a)) }ae[x) With a Gaussian process matched in
covariance, and then estimate the covariance matrix of the
Gaussian process. For this to work, we make the following
sub-Gaussian process assumption.

Assumption 3. There exists an absolute constant L such
that, for allv € S ! and a,d’ € [K],

1{6(X,a),v) = ($(X,a’),v) [ly, 3)
< Lo|[ {(¢(X, a),v) — (¢(X,a’),v) || 2 €

Under Assumption 3, we now provide an explicit upper
bound on V* and estimate it at a fast rate.

Theorem 1. Under Assumptions 1, 2,and 3, there are
absolute constants C1,Cs > 0 and a Gaussian process
(Za)aerx) with U = Emax, Z, such that

V*<C-U<LCy-V*y/Iog K (5)

Furthermore, for 6 < 1/e, there exists an estimator U such
that with probability at least 1 — 6,

R o 1/4 o 3/2
U_0]<0 (JW log(£/5) , &/ gﬁ(dK/&)

(6)

When the process ¢(X, ) is Gaussian, we have V* = U
and U estimates V'* exactly.

Perhaps surprisingly, the result can viewed as a direct
combination of Talagrand’s comparison inequality (which
arises as a consequence of Talagrand’s fundamental “generic
chaining” approach in empirical process theory (Talagrand,
2006)), and similar techniques as those developed by (Kong
et al., 2020) for estimating V'* in the Gaussian case, but for
non-disjoint arms.

4.1. Application to Model Selection

Following a similar setup to that of (Foster et al., 2019),
we consider two nested linear function classes JF; and J»
where F; = {(s,a) = (¢;,0) : 0 € R%}. Here, ¢; maps

to R% where d; < do, and the first d; components of ¢
are identical to ¢-. In other words, the function classes are
nested, i.e. F1 C F,. The objective is to minimize regret,
as defined in Equation (2).

Throughout, we assume that F5 realizes f*; however, if F;
also realizes f*, we would ideally like the regret to scale
with d, := d; instead of dy, as d; < ds potentially. If
F1 does not realize f*, then we accept regret scaling with
d4« = ds. The ultimate goal of online model selection is to
achieve a regret bound that is poly(d., K, T'). Our improved
estimators for V* imply improved bounds on online model
selection, as stated below.

Theorem 2. There exists a model selection algorithm such
that, with probability at least 1 — 6,

Regp = O (di/ 47213 10g3/2(d, TK /8) log" 2(K)) )

+0 (\/d*KT log(d,) - 1og(TK/5)) )
5. A Moment-Based Estimator of V/*

Thus far, we have shown an upper bound for V* and a
method of estimating it at a fast rate; however, the question
of whether it is possible achieve sublinear complexity for
estimating V'* itself in the general case remains open. In
this section, we present our maig result, which is an esti-
mator that achieves this task in O(v/d) samples. The full
algorithm is presented in Algorithm 3 in Appendix C along
with intuition for the estimator. The main idea is to first
consider a t**-order K -variate polynomial approximation of
the K -variate max function. The problem of V* estimation
is then reduced to the problem of estimating the multivariate
moments between the {(0, ¢(X, a))}qe.4 random variables.

Assumption 4. For all a € A, the covariance ma-
trix is identity: ¥, = Ex [¢(X,a)p(X,a)"] = Iy
and there exists a constant L > 0 such that for any
v,u € RY E[(¢(X,a)T0)%(¢(X,a) u)?] < L -
E [(6(X,a) "v)?| E [(¢(X,a) "u)?].

Assumption 5. For all a € A, the expected reward condi-
tioned on X satisfies ($(X,a),0) € [—1,1].

We furthermore assume that all moments up to degree ¢ of
(¢(X,+),v) for any v € S?~! are known or can be com-
puted.

5.1. Main Result

Our main result, stated below, shows that it is indeed pos-
sible to estimate V* to high accuracy with O, (v/d) sam-
ples under these assumptions using Algorithm 3 to esti-
mate the expected value of a particular degree ¢ polynomial,
Dt [—].7 1]K — R.

'I:heorem 3. Let assumptions 1, 2, 4, and 5 hold. Let

Sn = Y. \a|§tca5n,a as defined in Algorithm 3 be



Estimating Optimal Policy Value in Linear Contextual Bandits beyond Gaussianity

the estimator of Exp; up to degree t. There is an abso-
lute constant C' > 0 such that with probability at least
1 —tlet/K + €)X,

R Cx

¢ s/2
+t(et/K + )" emax - C2 Y (f : 10g(1/5)>

s=1

(10)
where C'i is a constant that depends only on K.

The bound shows that it is indeed possible to estimate V'*
with sublinear sample complexity in d beyond only the Gaus-
sian case. In particular, it is possible to estimate V'* even
when d > n, i.e. for high-dimensional problems. Note that
the degree of the polynomial p; controls the approximation
error. With an appropriate choice of £, we have the following
corollary, making this trade-off explicit.

Corollary 1. Under the same assumptions as Theorem 3,
estimator S,, generated by Algorithm 3 satisfies |V*—S,| <
€ for € < 1 with probability at least 1 — ¢ and sample
complexity

K+CK/€
o (K (@() Vg (%)) an
€ € €

where C'i is a constant that depends only on K.

The above corollary explicitly exhibits the v/d dependence
in the sample complexity of estimation task. However, the
major drawback of this estimator is exponential dependence
on both e~! and K, which arise as a result of exponentially
large variance for estimators of the moments. It remains an
open question whether a v/d - poly (K, 1) algorithm exists
for V* estimation in this general setting.

6. Discussion

In this paper, we studied the problem of estimating the opti-
mal policy value in a linear contextual bandit problem before
learning the optimal policy itself. We considered this prob-
lem beyond the Gaussian case, and presented estimators for
both V* and informative upper bounds on V*. In particular,
we showed that a fast O x (v/d) is possible for estimating
V'* directly, given that moments of the context distribution
are known up to an arbitrary degree. However, there are
several remaining open questions. While Theorem 3 shows
that a O, x (v/d) sample complexity is possible, the algo-
rithm is not very practical as it requires a large polynomial
approximation and, as a result, has exponential dependence
on ¢! and K. We ask whether there is a practical algorithm
with a similar guarantee or, even better, a practical algorithm
with only v/d - poly(K,e~!) sample complexity. It would
also be interesting to explore how the sample complexity

degrades if the higher moments of the context distribution
are not known exactly or must be estimated from the same
data that is collected.
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A. Proofs of Results in Section 3
A.1. Additional Notation

We use [n] = {1,...,n} forn € N. For any vector v € R,
|lv]| = ||v]|2. For any matrix M € R4*? || M|| denotes
the operator norm and || M || the Frobenius norm. For a
random variable Z, ||Z||;> = (EZ?)'/2. We denote the
d-dimensional unit sphere S~ = {v € R? : |v|| = 1}.
We call (") the set of s-combinations of [r] and use the
symbol [; to denote the d x d identity matrix. We use
C1,C5, ... to refer to absolute constants independent of
problem parameters. Throughout, we use J to represent a
desired failure probability and assume 6 < 1/e. The symbol
< means < up to a constant.

A.2. Proposition 1

The proof of the lower bound for the K-armed bandit prob-
lem follows a standard argument via Le Cam’s method. Let
V,, denote the output of a fixed algorithm A after n inter-
actions with the bandit that achieves |V;, — V*| < e with
probability at least 2/3. We let v and v denote two separate
bandit instances, determined by their distributions.

For shorthand, P, and P, denote measures under these
instances for the fixed, arbitrary algorithm (and similarly
expectations [E,, and E,-). N, denotes the (random) number
of times the fixed algorithm sampled arm a.

We let v be distributed as N (pq, 1) for all @ where p =
(€,0,...,0). Then, define a’ € argmin,_; E, [T,] and
let v/ be distributed as N (u),,1) where ul, = p, for all
a # o and p), = 4e. We define the successful events
E, ={V, €[0,2¢} and E,, = {V}, € [3¢, 5¢]}.

By Le Cam’s lemma and Pinsker’s inequality,

P,,(Ef;)—i—Pl,/(E,,)Zl— DKL(PU?PV/) (12)
where Dir(P,, Py) S B, [No|e® < 250 (Lattimore
and Szepesvari, 2018, Lemma 15.1). It then follows that the
probability of the successful event is bounded as

ne?

P,(E,) < P,(E, 1
(E,) (E,)+C K_1 (13)
ne2
<PI/EC/ 14
<RAB) O\
1 ne2
< = 1
_3—|—C' 1 (15)

for some constant C' > 0. Thus, in order for P, (E,) > 2/3
it must be that n > g’égjz). It follows that any algorithm
that achieves such a condition must incur sample complexity

(K /€?).

A.3. Proposition 2

Proof. Proof of the first lower bound. Fix algorithm A4
for the linear contextual bandit problem. Then consider the
class of %—armed bandit problem with means vectors satisfy-

ing ||| = O(1). From this class, we construct the follow-
ing class of linear contextual bandits. Let 6 = [—M/J € R4,

The set of contexts is X = {1,2} and the feature map is
defined as

r=1

o(z,a) = {e“ (16)

—eq, =2

where {ey,...,eq} C R? denotes the set of standard ba-
sis vectors. Then, X = 1 and X = 2 each with prob-
ability 3. This ensures that E¢(X,a) = 0 for any fixed
action a. Furthermore, ||X,|y, = ©(1). Note that
V* = Emax, (¢p(X,a),0) = max, fiq.

Now we construct the reduction by specifying an algorithm
B for the %-armed bandit. At each round, 55 samples X ~
Unif{1, 2} and queries A for an arm A. Upon observing
feedback Y(A) = pua + n(A), B feeds Y (A) back to A
if X = 1and —Y (A) if X = 2. This process is repeated
for n rounds and 4 outputs an estimate Vn which B also
outputs. If A outputs V,, such that |V,, — V*| < e for any
given instance in the linear contextual bandit then V, is
also an e-optimal estimate of max, j,. Therefore, to satisfy
[V, — V*| < e, it follows that n = Q(d/€?).

Proof of the second lower bound. Here we prove the sec-
ond statement of the proposition that even for K = 2, it
takes 2(d) samples to estimate V* up to small constant
additive error c. The proof simply follows from the hard
instance for signal-noise-ratio (SNR) estimation problem in
Theorem 3 of (Kong and Valiant, 2018).

Let Q,,(P) be the distribution of (z1,y1, ..., Zn, Yn) such
that (9,0‘,2) ~ P, x; ~ N(O,Z), Yi = Tj + Ni, N ~
N(0,0?). Let the “pure noise” distribution P satisfies
0 =0,% = I4,0% = 1 almost surely. Theorem 3 of (Kong
and Valiant, 2018) relies on the fact that there exists a “pure
signal” distribution P; over (6, o, 3) which is constructed
by randomly rotating a d-dimensional isotropic Gaussian
distribution in the d + 1 dimensional space. The covariance
Y. drawn from distribution P; is bad conditioned and has
smallest eigenvalue being O(1/d) with large probability. In
addition, the distribution P; satisfies P(||6] > 1/2) > 1/2,
and ||X|| < 1,0 = 0 almost surely, and it holds that

drv(Qn(Po), Cn(P1)) < 1/3, a7

with n = ¢ - d for some constant ¢. The hard case for
the bandits problem follows immediately. We construct
the “pure signal” bandit instance using (0, o, ¥) ~ Py, and
for each arm a € [2], define ¢(X,a) ~ N(0,X),Y (a) =
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Algorithm 1 Estimator of Upper Bound on V*

1: Input: Number of interactions n, failure probability
0 <1/e.
Setm = 3.
Initialize empty dataset D
fori=1,...,ndo
Sample independently z; ~ D and a; ~ Unif[K].
Receive reward y;
Add tuple (x;,a;,y;) to D
7: end for
8: Split dataset D evenly into {z;,as,¥i}icpm and
{l‘;, aé'v y;}iG[M]'
9: Compute estimators 0 = i Zie[m] yid(x;, a;) and
0 = % Zie[m] y;(b(l';, a;)
10: for a,a’ € [K]suchthata # o' do
11: Set foa = 075,00
12: end for
13: A = arg min)\egf MaXq£a |[Aa,e + Aarar — 2Xa,0r —

Ba,a/|
14: Return E max, ¢k Z where Z ~ N(0, )

=)

0T (X, a). It is easy to see that in this case, EV* = Q(1).
The other bandit instance is a simple “pure noise” example
where ¢(X,a) ~ N(0,1;),Y(a) ~ N(0,1), and clearly
EV* = 0 since § = 0. For any bandit algorithm for estimat-
ing V*, after c¢n/2 rounds, even if all the rewards (regard-
less of which arm gets pulled) are shown to the algorithm
the total variation distance is between the two example is
still bounded by 1/3 through Equation 17. Therefore, we
conclude any bandit algorithm must incur (1) error for
estimating V* with probability at least 2/3 when n = ¢ - d.

O

B. Proofs of Results in Section 4
B.1. Proof of Theorem 1

The proof relies on Talagrand’s comparison inequality for
sub-Gaussian processes. Here, we state a version that ap-
pears in (Vershynin, 2018).

Lemma 1. Let (W, ).c[x] be a mean zero sub-Gaussian
process and (Z,)qe (i) @ mean zero Gaussian process satis-
ping |Wo — Warllys S || Za — Zar|| L2 Then,

E max W, < E max Z,

18
a€[K] a€[K] (18)

By Assumption 3, note that

{(X, a) — &(X,a"), 0) |3, < Ll {&(X, a) -
(19)

#(X.a'),0) |11

Thus, we can define a Gaussian process Z ~ N(0, A) that
satisfies the condition in Talagrand’s inequality by choos-
ing its mean to be zero and its covariance matrix to match
the increment of the original sub-Gaussian process ¢(X, -).
Note that such a process trivially exists since we can let A
satisfy:

Aa,a’ = COV(Zaa Za’) =K [<¢(X’ a)7 9> <¢(X7 a/)a 9>]
(20)

Then, the first inequality in the theorem is satisfied with
U = Emax,¢ (k] Za- The proof of the second inequality is
deferred to Section B.1.1.

Since # is unknown, our goal now is to estimate the incre-
ment || (¢(X,a) — ¢(X,a’),0) ||3. from samples. Specifi-
cally, we aim to estimate the following quantities:

e For all a,a’ € |[K]| such that a« # da,
ﬁa,a’ = E [<¢(X7 Cl) - ¢(Xa a/)a 9>2:| =
QTE,M/H where Za,a’ =
E [(¢(X7 a’) - ¢(X7 Cl,/)((b(X7 (l) - ¢(X7 a/))T] .

We can construct fast estimators for these quantities using
similar techniques as those developed in (Kong and Valiant,
2018). While a similar final result is obtained in that paper
by Chebyshev’s inequality and counting, here we present a
version that is carried out with a couple simple applications
of Bernstein’s inequality. Algorithm 1 specifies the form of
the estimator and the data collection procedure.

Lemma 2. Fix a,a’ € [K] such that a # o' and define

€2 = 72(72|0||? + 02). Let 6 < 1/e. Given the dataset
D,, = {z;, a;,y;}, with probability at least 1 — 30,

3, 0 — b 21
|Ba,ar Bmaflé\/clim log(2/4) (21)
[E4|Z][*d
+ Com? log?(2d/8)  (22)

for absolute constants C,Cy > 0.

Proof. Consider an arbitrary pair a,a’ and covariance ma-
trix X, ,. For convenience, we drop the subscript notation
and just write ¥. The argument will be the same for all
pairs, including when a = a’. The dataset D, is split into
two independent datasets D,,, and D;,, of size m = 3. Let
@i = ¢(x;, a;) as shorthand and the same for ¢/.

First, we verify that Ba,a' is indeed an unbiased estimator
of ﬁa,a/ :

E [éTzé’} —E[yyi6] D¢ = 0720 (23)
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which follows by independence of the datasets D,, and
D! and the fact that the covariance matrix under the uni-
form data collection policy is the identity. By adding and
subtracting and then applying the triangle inequality, we
have

0720 — 0TS0 = 0720 —

0Tx0) 410" 20 — 0" %0

Term II

Term I

(24)

and we focus on bounding each term individually. We
start with the first. Note that |67 X6}, < [X6||7 and

lille, < +/72]10]|%2 + o2. Therefore, we have that the

term ¢;  y; is sub-exponential with parameter ||#; , ;i lly, <

TIIZ0l V0 + o =

&l EGH where recall that we have

defined £2 = 72(72||0||* + o2). Then, by Bernstein’s in-
equality,
1
- > 0TSy — 0750 >t (25)
1€[n]
<e ( C'mi { nt” nt }) (26)
<exp [ —C min ,
150]12¢2" 126]1€

for some absolute constant C' > 0, and the negative event
occurs with the same upper bound on the probability. This
implies

1
— 0TSyl — 0T X0 <
— > 0TS0l | <

i€[m]

21120112

27)

For the second term, we condition on the data in D’ and
then apply the same calculations. The difference is that
|9 20"||p, < 7||26’|| and so the bound becomes

L5 s 07w < | SV poggas)
m 1P >~

i€[m]
(28)
with probability at least 1 — 4.

It suffices now to obtain a high probability bound on [|#’|,
showing that it is close in value to |0]|. Let ¢; ; and 0y
denote the kth elements of ¢} and 6y, respectively. Similar
to the previous proof, we have that

195 kil < €

by multiplication of the sub-Gaussian random variables. By
Bernstein’s inequality, with probability 1 — 0, for all k € [d],

LS a0l <\ S tom(2as) GO)

i€[m]

(29)

for some constant C' > 0. Under the same event,

. de2
1000 <\ = tog(24/)

by standard norm inequalities. The triangle inequality then

€29

yields
N’ d£2
181 < loll+ ) = - log(2d/5) ()
Finally, we are able to put these three events together:
4T 56 2|| ||2 22012
ATsd — 07w < /8 2/8 STI=Y7
| < log(2/8) +\| *—m
(33)
£2||Et9|2

(34)

4 2
+,/w g?(2d/8)  (35)
/8£2H2H el 0g(2/5)
| 284 Z]*d
+ W'logz@d/é) (37)

with probability at least 1 — 34 by the union bound over the
three events. O

(36)

Define Bma’ = /~\a)a + Aa/,a/ — 2/~Xa7a/, and Z ~ N(0, 1~X)
where A is the result of the projection onto Sf using B
as defined in Line 13 of Algorithm 1. Since A is positive
semidefinite, the fact that

1]l log(£/0) Vd - log®(dK/9)
vn n ’

wa,a/ - Ba,a’| < @) (
(38)
and the optimality of A in Algorithm 1, we have

1611 log(5/6) | V- 1og2<dK/6>> .

3, — B <
|6a,a Ba,a|_0< \/ﬁ n

(39)

Triangle inequality then immediately implies the following
element-wise error bound on the increment

|0l 08 (K/3) , V- 1og2(dK/5)>

=B, <
|Ba,a 5a,a|0< \/ﬁ n

(40)
with probability at least 1 — 4.

Now we apply the following error bound due to (Chatterjee,
2005).

w(015) | EELIE

log(2/5)

0g(2/8)
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Lemma 3 (Theorem 1.2, (Chatterjee, 2005)). Let W and
W be two Gaussian random vectors with EW, = IEWa for
all a € [K] Define vyq,ar = HWa - Wa’H%2 and Yo, =
|Wa — War |2, and T = maXa,or [Ja,ar — Ya,ar|- Then,

|E max W, — E max W,| < \/TlogK  (41)
a€[K] a€[K]

Therefore, by the union bound over at most K 2 terms Ba,a’»
the final bound becomes

Then,

1213. = 2/0 tP(|Z| > t)dt

CllZll .2 o0
=2/ t]P’(|Z|>t)dt+2/
0 CllZll .2
ClZll 2 S
l62/ tP(|Z] > t)dt + 2/ texp(—
0 ClZll 2

~ V110 log(K/6)

— <
v EJE%?‘]Z"|O< n/4 v
(42)

with probability at least 1 — 4.

B.1.1. PROOF OF THE SECOND INEQUALITY

Here we prove the second inequality in the theorem state-
ment that /log K - V* > U

Lemma 4. Let (W,).c[x] be a mean zero sub-Gaussian
process such that ||Wq — Wor||y2 S [|Wa — War|| L2, then

E max W, 2 max |[|[W, — Wy ||z (43)
a€[K] ~ a,a’€[K]

Proof. Let random variable W},, W}, achieve the maximum
for max, 4/ ¢k [[Wa — War|| L2

Emaxae[;q Wa > EmaX(Wb7Wb/) Define Z = Wb/ —
W, then
E max(Wb, Wb/)

=E[W,|Z < 0|P[Z < 0] + E[W, + Z|Z > O|P[Z > 0]

ClZli 2
L logs/z(dK/5)> <200zl [ ROZ) > 0+ 12010

< 20| 2| =Ell Z]) + 1 Z]7- /10.

This implies that E[|Z|] >
Equation 44 yields

5o Z| 2. Combining with

E max W > ||Wb/ - Wb”Lz
a€[K]

O

Proposition 3. Let (Z,).c[k] be a mean zero Gaussian
process, then

E max Z, < v/log K max ||Z,
a€[K] a,a’ €[K]

— Zar|| L2 (45)
Proof. This is a simple corollary of Sudakov-Fernique’s
inequality (see, e.g.
2018)). Define mean zero Gaussian process Y,,a €
[K] such that each Y, is sampled independently from
N(0,max, o ¢(k] | Za — Za||32). By Sudakov-Fernique’s
inequality, it holds that

E max Z, < E max Y.

|+ E
=E Wb|Z < 0] [Z < 0] + [Wb|Z > O]P[Z > 0] +E[Z|Z > O]P[Z > 0} a€[K] @ = a€[K]

[
E[W,] + E[Z|Z > 0]P[Z > 0]
=E[Z|Z > 0)P[Z > 0]

Since E[Z|Z > 0|P[Z > 0| + E[Z|Z < Q]P[Z < 0] = 0,
we have

E[Z|Z > 0|P[Z > 0] = E[|Z]]/2 (44)

Thus, we just need to lower bound E[|Z|]. Due to the sub-
Gaussian assumption on Z, it holds that for a constant K,
£2

P(|Z] >t) < —_—

)

Let C be a constant such that

[e'e] t2
texp(———)dt
/C||Z|L2 KollZ||3.

2

=Kyl|Z 2'eXp ——
01213 exp(~ )

=[1Z|7-/20.

We conclude the proof by combining with classical fact that

max Y, < v/log K max || Z, — Zy/ |12
a€[K] a,a’ €[K]

Applying Lemma 4 on V* yields

v > X,a) —
2 max [[(6(X.0)

d(X,a'),0) |12

By the definition of the Gaussian process Z, its increment
is bounded by max, q ¢[x] || (¢(X,a) —
therefore applying Proposition 3 for U yields

USVigK max [|(6(X,a)

a,a’ €[K]

- ¢(X’ a/)7 9> HLQ'

This concludes the proof.

tP(|Z] > t)dt

Kol 2|2

Theorem 7.2.11 in (Vershynin,

¢(X7 a’,)a 0> ||L27

)dt
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Algorithm 2 Model Selection with Gaussian Process Upper
Bound
1: Input: Rounds 7, failure probability 6 < 1/e, con-
stants Cy, C
: Set tmin = Colog®?(T'log T/6)

dt/ *10g3/%(dy KT/ 5)
: Setay =C; - =2 7175

2
3
4: Initialize exploration dataset So = {}

5: Initialize algorithm Alg, < Exp4-IX(F1).
6

7

8

9

: Sampler Bernoulli Z; ~ ber(t~1/3) forall t € [T
cfort=1,...,Tdo
Sample independently z; ~ D and

if Z, = 1 then
10: Sample a; ~ Unif[K], observe y;
11: Add to dataset: S; = (¢, ar, y1) U Si—1
12:  else
13: Sample a; from Alg,, observe y;
14: Update Alg, with (z, a;, yt)
15: Sy =511
16: Alg, , + Alg,
17:  endif

18:  Estimate Ut from St
19:  if¢t >t and U; > 2a4 then

20: Set algorithm Alg, , ; + Exp4-IX(F3)
21:  endif
22: end for

B.2. Proof of Theorem 2

The algorithm that achieves the regret bound in Theorem 2
is presented in Algorithm 2. The main idea is that the
algorithm starts with model class F7, the simpler one, and
runs an Exp4-like algorithm under ;. However, it will
randomly allocate some timesteps for exploratory actions
where the uniform random policy is applied. From the
exploration data, if it is detected that the gap is non-zero
with high confidence, then the algorithm switches to Fs.
The critical component of the algorithm is in detecting the
non-zero gap and then bounding the worst-case performance
when the gap is non-zero but it has not been detected yet.

We require several intermediate results in order to prove
the regret bound. The first is a generic high probability
regret bound for a variant of Exp4-IX as given by Algorithm
4 of (Foster et al., 2019), which is a modification of the
algorithm proposed by (Neu, 2015). Let 7y, be the argmax
policy induced by 6; where 6; is defined is defined as

o1
0; = argemln T ez[]:(]E ((¢i(X,a),0) — Y)2 (46)

Note that the policy 7y, may not be the same as the policy
that maximizes value.

Lemma 5 ((Foster et al., 2019), Lemma 23). With probabil-

ity at least 1 — 6, for any t € [T, Exp4-IX for model class
Fi satisfies

t

SV v < O (VK log(d) - log(TK/5))

s=1

47

The second result we require is high probability upper and
lower bounds on the number of exploration samples we
should expect to have at any time ¢ € [T]. We appeal to
Lemma 2 of (Lee et al., 2021), as the exploration schedules
are identical.

Lemma 6 ((Lee et al., 2021), Lemma 2). There are con-
stants C1,Co > 0 such that, with probability 1 — 6,
C1t2/3 < |Sy| < Cot?/3 for t > Cylog® * (T log T/6).

The last intermediate result leverages the upper bound esti-
mator from Theorem 1. We will define a Gaussian process,
which we prove will act as an upper bound on the gap in
value between the model classes. Let Z ~ N'(0, A) where

Moo = E[(o(X, a), Ouitr) (¢(X, a'), Ouisr)] (48)

61
0
lemma establishes these upper bounds and shows that we
can estimate £ max, (k] Z, at a fast rate. The critical prop-
erty of this upper bound is that it is 0 when F; satisfies
realizability.

for all a,a’ € [K] and Ogi = 02 — } The following

A simple transformation of the feature vectors allows us
to apply the results from before. For datapoints (z;, a;, y;)
collected by the uniform random policy, the following is an

unbiased estimator of 05 — [001} :

Yi <¢2($Zv,ai) _ [(bl(xé,ai)]) — (sbz(xi,ai) B Vl(xé,ai)
(49)

' ¢d12d2 (xi7ai)

where ¢g4,.q4, denotes the bottom dy — d; coordinates of
the feature map ¢. As shorthand, we define ¢;(z,a) =

0
¢d1 :d2 (‘T ) a)
vector still satisfies the conditions of Assumption 3 as we
can simply zero the top coordinates. Furthermore, define

Suw = B (6(X,0) - 6(X,0) (3(X, @) ~ (X))

for a # a’. The estimators for this transformed problem are

}. Note that ||¢;|ly, < 7 and this feature
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then

(51

R 1 -
0 == L 52

— > uid; (52)
And, as before, the quadratic form estimators are analo-
gously

Ba,a’ = éTia,a/é, (53)

Lemma 7. There is a constant C such that the Gaussian
process Z

V*—V7T1 <2C - E max Z,

(54)
a€[K]

and, with probability at least 1 — 6, for all n € [T), the
estimator U defined in Algorithm 2 with n independent
samples satisfies

|E max Zy —U| (55)
ac
< o [ V1Pallog(TK/3) . dy/*10g™(dy KT /5)
= 1/4
n Vn
(56)
Proof. Tt is immediate that
V —max V" <V*-VTh (57)

welly

since 01 € F; by definition and 7, is an argmax policy.
This gap can then be bounded as

VIV = VT YT (58)
= E (¢2(X, mp, (X)), 02) — E(¢a2(X, 79, (X)), 02)
(59
=E <¢2(X7 6, (X))’ 92> -E <¢2(X’ o, (X))a 92>
(60)
+E<¢1(X’W91(X))791> —E<¢51(X77T91(X)),91>
(61)
<& (Xm0t - 0] (©)
+ & (X 000, ] - 02) 63
S]E;rel% <¢2(X7a)a92— {%D (64)
+E£?I:§] <¢2(X, a), {901} — 92> (65)

The Gaussian process Z ~ N (0, A) satisfies the conditions
of Lemma 1, which implies the Gaussian process upper
bound on both of the above terms and, thus, the first claim.

Now we prove the estimation error bound. We apply Algo-
rithm 1 with the constructed fast estimators for quadratic
forms 034 o Oairr for all a,a’ € [K]. Let Z ~ N(0,A).
We can apply Theorem 1 and get

|E max Z, — E max Z,| <O | ~ [0l tos(X/0) + " 10g3/2(dK/5)
aclK] ° aclk] T nl/4 NG

(66)

Setting U= E max,c(k] Zq gives the result.
O

Lemma 8. Let U be the estimate of Emax,e(x) Za from

Lemma 7 using the same method. Then, with probability
1-4,

Emax Z, < CU log"?(K) (67)
+0 (0aig /> + d'/*) log(d> K /) log'/* (K
\/ﬁ
(68)

for some constant C > 0.

Proof. Here we let C' represent an absolute constant, which
may change from line to line. For this, we require a multi-
plicative error bound, which is stated formally in Theorem 5.
It is similar to the additive one developed in the proof of
Theorem 1. From Theorem 5, and applying the union bound
over all pairs of actions in [K], we have with probability at
least 1 — K26, for all ¢’ # a,

n

; : S/26) + V) log?(d/5
|6a,a/ _Ba,a’| < 6;? +0O (C(H a,a ” ) og ( / )

(69)
where we simply prepend X'/ to 6 and the estimators and
¢ > 1is to be chosen later.

With this c0~ncentration, we now show that if U =
Emaxae[;{] Z, 1s small, then this must mean that
mMaXg,q Ba,q is also small.

N2 \?
(U) > (IE max Za> (70)
a€[K]
2 Ca a’El[’Ifl(?}-(aia/ ”Za - Za/”%z (71)
a,a’ 6 i 1 2
o (m o = Bnar_ Sl + ¢n&> og <d/6>>

(72)

for an absolute constant C'. The second line uses Lemma 4.
The third line uses the concentration above. Choosing ¢
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large enough (dependent only on absolute constants), we
get

i e < 202 1O <<odm~|| + V) 1og2<d/6>>
P a,a’ =

n
(73)
Then, from Proposition 3, we get the statement:
U< C\/logK~ \/rr;a)/{ﬁa}a/ (74)

< CU+/log K (75)

e ((ediffnl/? + dM4)log(d/9) logW(K)) 76)
Jn

Changing the variable &’ = §/K? gives the result.
O

Armed with these facts, we can prove the regret bound. Let
E = FE1NEy,N EsN Ey denote the good event that satisfies
the conditions laid out in the intermediate results where

1. By is the event that )  _ V7™ — V7 <

O (\/di|I|Klog(di) -1og(TK/6)) for any interval

of timesup to |Z| < T.

2. E, is the event that C;¢%/3 < [S¢] < Cyt?/3 for t >

tmin

3. Ejis the event that the following inequality is satisfied
forall t, <t <T:

|E max Z, — Uy (77)
a€[K]
< o [ V1Panllog(TK/5) | dy'*log®(dKT/3)
- t1/6 + $1/3
(78)

4. E, is the event that the following is satisfied for all

tmin <t < T:

V- V™ < CU log"?(K) (79)

+0 (l6aise]| /2 + d*/*) log(do KT/) log'/?(K)

t1/3

(80)

Proof of Theorem 2. First note that event E holds with
probability at least 1 — 46 via an application of the union
bound (over T') and the intermediate results. We now work
under the assumption that F holds. The proof is divided
into cases when F7 does and does not satisfy realizability.

First, we bound the instantaneous regret incurred during
the exploration rounds. Note that the average value of the
uniform policy is zero and V* < O (||6|/Iog K) by stan-
dard maximal inequalities. This establishes the bound on
the instantaneous regret for these rounds.

1. When F; satisfies realizability, the algorithm is already
running Exp4-IX with model class F; from the begin-
ning, so we are left with verifying that a switch to 7>
never occurs in this setting. This can be shown by re-
alizing that E max,c k) Z, = 0 whenever F7 satisfies
realizability. Therefore 64 = 0 and, under the good
event, we have that

. dy/*1og®/? (dy KT /5)
U < c +1/3

81

for a some constant C' > 0. Therefore, for C; chosen
large enough, U; < 2q4 for all ¢ > ¢,,;, and thus a
switch never occurs. In this case, the regret incurred is

Ree <6 (1% 1o ®)

+0 («/leK log(d1) - log(TK/5) + tmm> (83)

where the first term is due to the upper bound on the
number of exploration rounds in E5 and the second
term is due to the regret bound for Exp4-IX under
model F;.

2. In the second case when JF; does not satisfy realizabil-
ity we must bound the regret when the algorithm is still
using F7. The regret may therefore be decomposed as

T
Regp < (VF = V™) bt D VI —VT 4 3y Vi —VT
t=t.+1

te(t]

(84)

where ¢* is the timestep that the switch is detected.
From ¢, onward, the algorithm runs Exp4-lX with Fo,
so this last term is simply bounded by O(/d2KT)
under event . The same is true for the middle term.

Note that before the switch occurs it must be that
Ui, —1 < oy, —1. Therefore, from event E,

V*—VTa (85)
< CU, log'*(K) 36)
o [ Ubal’? + dy*) log(d2 KT /3) log/*(K)

- t1/3
(87)

1/4 3/2 1/2
It KT/6) -1 K
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The final regret bound for this case is then

Reg < O (d;/ 172/3 10g¥/2(dy KT/ ) ~10g1/2(K))
(89)
o ( 4 TK log(dy) ~10g(TK/5)) (90)

+ O (VBT 1og(ds) - log(TK/8) + i)

(€29
O

B.3. A bandit instance that satisfies Assumption 2 but
not Assumption 3

Given a constant C, let us define a bandit instance with
K = 2 as follows:

$(X,1) ~ N(0,1) (92)

S 1) if6(X,1)] < C;
oX,2) = { —H(X, 1) if|p(X,1)] > C

Since the marginal distribution of ¢(X, 1) and ¢(X, 2) are
both N (0, 1), it is easy to see that Assumption 2 is satisfied.
To see how Assumption 3 fails to hold, we compute the sub-
Gaussian norm and Ly norm of Z := ¢(X,1) — ¢(X, 2).
Notice that Z has Gaussian tail when |Z| > 2C, and thus
1Z]1, = O(1). , =
O([2 t? exp(—t?)dt) = O(C?exp(—C?)) which can be
made arbitrarily small by choosing large C. Therefor for
any constant L, there exist a bandit instance such that As-
sumption 2 holds but Assumption 3 does not.

93)

C. Moment-Based Estimator Details

We now describe the construction of the estimator in Algo-
rithm 3 in more detail. As mentioned, the estimator that
achieves this sublinear in d rate relies on approximating
the max function with a degree-¢ multivariate polynomial
approximation p; : [—1,1]% — R of the form

> e ] 20e (95)

la|<t a€[K]

pe(21,. -0 2K) =

Here, z € [-1, I]K, a is a multiset given by a =
{a1,...,ak} for a, € N, and we denote |a| =
> ac[k] @a- The task then becomes estimating the associ-
ated moments up to degree ¢. The following lemma bounds
the approximation error in terms of the degree.

Lemma 9. Let f : [-1,1]X — R be defined as
f(z) = max, z,. There exists a degree-t polynomial
pe : [=1,1]5 — R of the form (95) such that

C
sup |f(z1,...,2K) —pe(21,...,2 )|<TK (96)

z€[0,1]%

Algorithm 3 Moment-Based Estimator

1: Input: Number of samples n, degree ¢, failure proba-
bility §, coefficients {cq }|a|<¢-

2: Define ¢ = 481og(1/4), m = 2,

3: Initialize empty datasets D', ..., D?

4: for k=1,...,qdo

5 for :=1,...,mdo

6: Sample independently z¥ ~ D and a¥ ~ Unif[K].
Receive reward y~.

E Set (bf = ¢($:€’ af)

8: Add tuple (¢¥,y¥) to D¥

9:  end for

10: end for

11: for « such thats:=|a| <t do
12:  Compute independent moment estimators:

( 2 EXH@"@’ X%))> Vk=1,...

ce(tmy  gels]
(94)

13: Set Sn,a <~ media’n{g’lljl,a}z:l
14: end for
15: Return S, := Za s al<t CuSn,a

< (2et)2K+1gt

for some constant Ci. Furthermore, TR

Cmax for all o such that |o| < t.

Naturally, the approximation error can be decreased by in-
creasing the degree of the polynomial. Then, we turn our
attention obtaining a good estimate of

Ex [p ((¢(X,1),0) ,. <¢>(X K),0)] O

=% iy [ (6(X.a),0)%. (98)

la|<t a€[K]

We achieve this by estimating the individual moments

Ex Iloex) (0(X, a), 6)* for all v up to degree ¢ using

the estimators an o specified in (94). Note that in (94),

for the multiset « of size s := |a| and j € [s], we use

the notation a(jy to mean the action a(;) = max{a’

> bea @b < j}. Thatis to say, if we considered the tuple

(P(X,1),...,0(X,1),0(X,2),...,06(X,2),...,6(X, K))
where ¢(X, a) is repeated o times, #(X, a(;)) refers to

the jth element of this tuple.

The algorithm proceeds as follows. As before, the input
specifies the number of samples n € N and target confi-
dence § > 0. For ease of calculations, we assume that

= 48log(1/6) is in N and that n is evenly divisible
by q for reasons that will become clear momentarily. The
algorithm then collects data from the environment by sam-
pling actions from A uniformly at random resulting in a
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total of p datasets D} , ..., D4 each of size m = % where
DE, = {aF, a¥, yF}icim). Note that the datasets are inde-
pendent. For each k € [¢] and i € [m], 2¥ and af are i.i.d
copies from the distribution D and Unif .4, respectively, and
yr = (¢(aF,a¥),0) + nF(a¥) as defined by the environ-
ment.

To estimate a particular moment
Ex [Lex (p(X,a),0)*, the algorithm constructs

¢ independent estimators S}n e S o of the form of

(94). The intuition is that there are ( ) Ways to construct a
product of unbiased estimators of 9 Then the median is
taken across the results of all ¢ datasets S'n@. Finally, to
estimate E xpy, it simply constructs the weighted sum of
these according to the coefficients of the polynomial and the
returns the result, Sn Our main result, Theorem 3, states
an error bound on the estimate S‘n combining both the
approximation error of the polynomial p; and the estimation
error of S‘n.

D. Proofs of Results in Section 5
D.1. Proof of Lemma 9
Lemma 9. Let f

[-1,1]X — R be defined as

f(z) = max, z,. There exists a degree-t polynomial
pe 1 [=1,1]5 — R of the form (95) such that
C
sup [ f(z1,- -, 2K) = pel21, -0 2K)| < = (96)
2€[0,1]X t
)2K+12t

for some constant C;. Furthermore, |c,| < WT =
Cmax for all o such that || < t.

Proof. 1t follows from Lemma 2 of (Tian et al., 2017)
that, for any 1-Lipschitz g supported on [0, 1]%, a poly-
nomial ¢(2) = >°, . |41<sCa[l,eq 2" exists satisfying
(96) with |cq| < (2t)K2t = ¢max and constant <<, The
max function g is 1-Lipschitz and thus satisfies thls con-
dition. Let g(2) = max, 2, and %, = % Note that
2 € [0,1]¥ by this definition and f(z) = 2g(2) — 1.
Furthermore p(z) = 2¢(%) — 1 degree ¢ polynomial such
that p(z) = 32|, j<; Ca [l eq 2" Therefore, for any z,

/() = p(2)| < O /1.

The coefficients ¢, are different from ¢, as a re-
sult of the change of variables. Note that there are

L s+ K—1K—-1 < (t + D(et/K + )X <
Za—O
2t(2et/K)¥ terms. Therefore |c,| < (2”);(# O

D.2. Proof of Theorem 3

First, we verify that E:'ffla fork=1,...,[48log(1/9)] are
unbiased estimators of the moments of interest.

Lemma 10. Given S%  defined in (94), it holds that
Epr [S%.0] = Ex Taepi) (6 Xa)™.

Proof. We drop the superscript k notation denoting which

of the datasets is being used as the argument is identical.

Fix £ € (™) as an s-combination of the indices [n]. Since
the data in 'Di is i.i.d, we have that

EpEx H Yo, e, d(X, a(5))) = Ex H (Ep [ye,2e,]

J€Els]
99)
=Ex [] (0,¢(X,a4)) (100)
JEls]
=Ex [] (0, ¢(X,a) (101)
a€[K]

(X ag))

where the second equality uses the fact that E Dxix,iT =1

for all ¢ € [m]. O

Next, we establish a bound on the variance in preparation to
apply Chebyshev’s inequality.

Lemma 11. There exists a constant C' such that

C5s25 . Z (f) (102)

u=1

Var(S'ff%a) =

where s = |a.

Proof. As before, we will drop the superscript k£ notation

as the argument is identical for each independent estimator.

Let s = |a.
By definition, the variance is given by
- N . 2
var (Sma) =Ep [82,0] ~Ep [Sma] (103)

where

m,a = 2 ZEXX H y/iw“fb(X,a(j)» (104)

(0) o i€ls]
T wewe, ¢(X a))) (105)
1€[s]
Ep [Sua] = Exx [T 0,000 - T (9.00x"
’ ’ (106)
where again ¢ and ¢’ are s-combinations [n]. Similar to

(Kong and Valiant, 2018), we can analyze the variance as

,a)™
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individual terms in the sum over ¢ and ¢’ Lemma 12. Let p > 1 be an integer and define M =
Ep, [y? (i)gid);:]. There is a constant C such that
EpEx, x/ H (ye, e, O(X, a))) - H (yexe, o(X',a0))

1€[s E|s 1/
€lel 7€l 107, (Ex,x/[¢(X, am) " Mo(X' a@)P) ™" (115)
N < C-pri(o? 4+ L||6)*)Vd (116)

_EX,X’H<05¢(Xa a)) “ 'H<97¢(X/7a)>aa

“ “ (108) Through standard sub-Gaussian arguments, we also

have that, for p > 1, (E[{0,¢(X,a(;))) |p)1/p <

There are two important cases to consider: (1) when £ and Cr|6]/p for s,,ome constant €' > 0. And the same
, . . . holds for the X' factors.

¢ do not share any indices and (2) when there is partial or

complete overlap of indices. For convenience, let { = (02 + L||0||*) and let m =

|B| < s be the size of the overlap. By the generalized

Holder inequality, the term in (113) is upper bounded

1. No intersection of ¢ and ¢’ In this case, we may see b
y

that there is no contribution to the variance for this
term due to independence:

E ! X7 i TM X/7 % 2 E ! 97 X7 i
EpEx, x/ H <y@ix@w¢(Xaa(i)>' H <ye;$e;;¢(X/,a(i))> H xx0(0(X, ap) AX am) H X ‘< X am)

icls) el (i,i")€P i€y
= e 117
(109) . (17
=E , X7 07¢(Xaai) . 07¢(X/aai) ’ s
X, X lg] < (%) > z]g;{] < (1) > % AH, EX,X/| <9,¢(X ’a(i/))> ‘2
(110) ve 1s)
= EX’X' <97¢(X7 a)>06a : <9a¢(X/aa)>aa 25s—2m
fa[ H < (Co - (28)7°CVad)™ - (01 -T||0Hx/%)
(111) (119)
< C225 '7_25CmH9||25—2m .55 'dm/2 (120)

. 2
This term simply cancels with —E {Sma} .

. . . where Cy, Cy,Cy > 0 are problem-independent con-
2. Partial or complete intersection of / and ¢’ stants.

In this case, there are some samples that appear twice.
Let 3 ={(i,j) : €; = {}} be the set of indices that  1p summary, we have shown that there is no contribution

. ! . . .
refer to the same Sam.ple inD. AISO/ define 77 C [s] to the variance when no indices are shared between ¢ and
as the subsets of indices of £ and ¢’ respectively that ¢/ and the contribution to the variance when m indices are

are not shared. shared is bounded by O(d"™/?). It suffices now to count the
The left-hand side of this term can be then be written terms to see the total contribution foreachu =1,...,s.
as

It can be checked that the number of terms where the size
of the intersection =uis
EpEx, x- H (ye, b0, (X, a5))) - H <ye; bo, O(X', agi 18]

T (OGN e ()

=Exx [[ Eb., [v7 (0., ¢(X,a0))) (de., $(X',a))] (121)
(i,4')€B 2s—u ,2s
(113) < (122)
SSUU‘(S _ u)s u
. /.
8 E<H7X(1)> Z_l;[y, <9’X(Z/)> (114) since there are s elements ¢, v of which may have an

intersection, and a remaining s — u elements to be cho-
To proceed, we require the fo]]()wing lemma which sen for ¢’ that are not shared with /. Similarly, we have
bounds separate moments in the factors that come from (7:)2 > (%)2S which implies that the variance can be
shared indices. The proof given in Section E.
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bounded as
R 25— e2s
B! (Sm’a) S 2 Z sSut(s —u)s—v G5t (123)
TQSCu”eHQS 2u s qu/2 (124)
s 7\
< uz::lclzs ) (i) . s25 280 9|22
(125)

for absolute constants Cy, Cy,C > 0. Since it was as-
sumed that 7, o2, L and ||0|| are O(1), the final claim fol-
lows. O

The error bound result on the median of the estimators
follows almost immediately.

Theorem 4. There exists a constant C = O(1) for all k
such that, with probability at least 2/3,

|‘§7’;,o¢ - ES’!’?’L,Q‘ < E(ma dv 8) (126)
where
/2
s \/g w
d,s):=C%?s* — 127
e(m, d, s) s ; < - (127)
Furthermore, defining S, o = median{gﬁ%a}zzl, with
probability 1 — 0,
[Sn0 —ESY 4| < e(m, d,s) (128)

Proof. The first statement follows immediately from Cheby-
shev’s inequality and the second applies the median of
means trick for the independent estimators {S’fma}zzl
given the choice of ¢ (Kong et al., 2020, Fact 11). O

D.2.1. FINAL BOUND

We now combine the estimation and approximation error
bounds to derive the final result, which is reproduced here.

Theorem 3. Let assumptions 1, 2, 4, and 5 hold. Let
Sn = > .. Jal<t caSna as defined in Algorithm 3 be
the estimator of Exp; up to degree t. There is an abso-
lute constant C' > 0 such that with probability at least
1 —tlet/K + €)X,

N Ck

[V =S, < - )

t s/2

t(et/K +e)™ cmax - C24 Z ({? . log(1/5)>
s=1

(10)

where C'i¢ is a constant that depends only on K.

Proof. We first start by bounding the full estimation error
|[Exp(X) — S,|. The degree 0 and degree 1 moments are
already known exactly; thus we may consider 2 < s < ¢. By
the union bound and triangle inequality combined with the
result of Theorem 4, with probability at least 1 — t(et/K +
e)ks,

Exp(X) = Sul < Y calSna—ESE,| (129
s€[2,t]
a:|a|<t
< > cmaxe(n,d,s) (130)
s€[2,t]
o |a|<t
For each s, there are (‘“}'fi;l) < (es/K + ¢)™ monomials

for possible choices of «.. Therefore, the good event implies
that

Exp(X) —

Next, we may apply the approximation error. By the triangle
inequality

Sul < t(et/K + ) cpax - €(n,d,t) (131)

|Emax (6, X,) — S,| < % + (es/K +e)™
(132)
O

Corollary 1. Under the same assumptions as Theorem 3,
estimator Sy, generated by Algorithm 3 satisfies |V*—S,,| <
€ for € < 1 with probability at least 1 — 6 and sample

complexity
KJrCK/E
o (K (CK) Y oy (%)) an
€ € €d

where C'i is a constant that depends only on K.

Proof. To ensure that each term in the sum is at most £, it
suffices to take

n=c2, Ct-t** (et/K + €)*" - Vde 2 - log(1/0)

(133)
Then, choose ¢ = 2Ck /¢. Therefore, by the definition of
CmaXs
n:0<(c CK+1> {) (134)
€ €

for some constant C' > 1. Since we require 481log(1/0)
estimators to ensure the good event occurs with probability
at least , the total sample complexity is

o C CK+1 -ﬁdog Ck (Cx/e+1)
€ €2 €d’

(135)
O

Cmax * €(n, d, t)

)
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)

with probability 1 — ¢’ where ¢’ = et/ KTk

E. Supporting Lemmas

The following is a restatement of the moment bound in
Lemma 13.

Lemma 13. Let p > 1 be an integer and define M =
Ep, [yfb d)gid);:]. There is a constant C' such that

(Ex,x/|¢(X, ag)) " Mo(X', a(i))|p)1/p
< C-pri(o® + L||0|*)Vd

(136)
(137)

Proof. For convenience, define X(;) = ¢(X,a(;) and

04 M} and Z =

/ _
the same for X(i). Define A = l:Od 0,

[ﬁgi)]. Note that ZTAZ = X(Ti)MXEi) and ATA =
(@)

MT™M 04
[ 04 04
thermore, EZ = 0 and EZZ " = 1. The remaining proof
utilizes a variation of the Hanson-Wright inequality due to
(Zajkowski, 2020), stated in Lemma 142. By this inequality,

there exists a constant C' > 0 such that

]. By Lemma 16, Z ~ subG(Cy7?). Fur-

P(|Z"AZ-E[ZTAZ]|>¢) (138)

< exp (C’min{ & 5 ¢ }) (139)
TAlE T2 Allr

By direct calculation, we have that E[ZTAZ] =
trE [ZZ T A] = 0.and by Lemma 15, ||A||p < Vd(o? +
L||#]]?). To bound the moment, we use the tail-sum-
expectation for non-negative random variables. For con-
venience, define o1 = 72|/ A|| .

E|ZTAZ]P = / P(|ZTAZ]P > u) du (140)
0

:/ po? P (|ZTAZ| = v)dv  (141)
0

00 Ccv?
§/ pvp_l max{e o1

0

[ele] Ccv? [e%e] Co
§/ pP~le ot dv+/ prP et dv

0 0

(143)

Cuv
et }dv (142)

Critically, Lemma 14 applies to quadratic forms of sub-
Gaussian, dependent random variables, rather than requiring the
coordinates of Z to be independent as in the traditional Hanson-
Wright inequality (Rudelson et al., 2013; Hanson and Wright,
1971). As a consequence, the second term in the minimum of the
above tail bound depends on || A||r as opposed to the operator
norm || A||. Further discussion may be found in (Zajkowski, 2020).

The first inequality used Lemma 14. Consider the second
term first. Let 7 = C'v/o1. Then, by a change of variables,

oo Co [ee]
/ poP~le s dv = p(m/C)p/ P~ e " dr < 3p(01 /C)P - pP
0

0
(144)

where we have used the Gamma function inequality
j;)oc rP~le="dr < 3pP (Vershynin, 2018). Consider the
first term. Let r = Cv? /02, Like the previous part, we may
apply a change of variables.

p—1
00 1 o] O'2T 2 0.2
Up—le—CUQ/gfdv _ 7/ 1 e T 1,
/0 P 2 Jo P\"c rC

(145)
2\ 5 oo
p (ot g1
=5 (C) /0 r e "dr
(146)
3p (oF : (»/2)
< = | = p
(%) o
(147)

Taking these two together,

P

2

2\ & 1/p
(E|ZzTAzZ]P)"" < <3p(o—1/0)1’ 2 (2) : (p/z)@/?))

(148)

<" o1(p+/p), (149)
for some other constant C’ > 0 since p'/? is bounded
by a constant. Since we only consider p > 1, the claim
follows. O

Lemma 14 (Restatement of Corollary 2.8 of (Zajkowski,
2020)). Let X ~ subG(7?) be a centered random vector
inRY and A € RY%?, Then, there exists a constant C > (
such that

52

£

P(|XTAX —E[XTAX]|) <exp (—Cmin {
(150)

where || - || g is the Frobenius norm.

Lemma 15. Let (¢,y) be generated under the uniform-
random policy. Define M = E[y2¢¢T] and A =

o o Al < LJOP + 02 and

0, O4
[AllF < VA(L|9])* + o).

} . Under Assumption 4,

Proof. By definition [|A[* = sup, . |, =10 ATAv =
SUD,, . (|p|=1 V1 M Muvy = |[M]||* where v, denotes the

TAlE 2 Al

)
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first d coordinates of v. The first equality follows since

T
ATA= M M0 . Since M is positive semi-definite,
04 04
|M||= sup v Mo (151)
vER? : ||v]|=1
= sup  E[y%(¢ )] (152)
veER? : ||v]|=1
= sup  {E[(¢70)*(¢6"0)°] + E[(¢"v)*°] }
veER? : ||v]|=1
(153)
(154)

The second term is simply En? = o2 since Egpp " = I; and
¢ and 7 are independent. The first term may be bounded as
E [(¢70)2(¢70)2] < LE [(Tv)2] E[(¢76)?] = L|6]
by Assumption 4. This concludes the first claim. For the
second, we note that ||A]|% = trATA = tt MM <
d||M||? and the second claim follows by applying the first.

O

Lemma 16. Let X,Y subG(72) be two independent sub-

X] ~ subG(Cyr?)

Gaussian vectors in R, Then, 7 = {Y

for some constant Cy > 0.

Proof. Let v = [Zl} € R?? where v1,v2 € R? and
2

|lv]|2 = 1. Then,v " Z = v X 4w, Y is the sum of indepen-
dent sub-Gaussian variables where v X ~ subG(||vy[|372)
and vy Y ~ subG(||ve||372) where both |lv1]]z < 1 and
|lvz2ll2 < 1. Therefore v Z ~ subG(Cy72) for a constant
Cy > 0. Since v was arbitrary, the statement follows. [

E.1. Multiplicative Error Bound for Estimating Norms

In this section, we prove a multiplicative error bound for
estimating ||0||2, which can potentially be faster. The key
is an application of the AM-GM inequality, similar to the
work of (Foster et al., 2019). As before, we will consider
a dataset of n samples split evenly into D = {¢;,y;} and
D' = {¢},y;} each of size m = %. Define

A 1
O=— > ow (155)
i€[m]
=3 o (156)
m
1€[m]

Then, we estimate 07 0 with 16’

Theorem 5. Let 6 < 1/e and let ¢ > 1 be a constant. With
0 and 0’ defined above with n total samples, the following

error bound holds with probability at least 1 — §:

070 <c<||0|| +vd) max{€2 ¢} 10g2<d/5>>

070 —0T9| < —— + 0
2c n
(157)

Proof. Similar to the proof of Theorem 1, we apply the
triangle inequality use Bernstein’s inequality to bound two
terms individually with high probability.

The decomposition becomes

070 —0T0|<|0T0—070+1070'—070] (158)

We start with the first term. By Bernstein’s inequality there
is a constant C' > 0 such that

2
P éTG—HTG >e) <ex <—C’min{ me 7me })
( 2 ¢) <exp LR
(159)

since y;0 " x; is sub-exponential with ||y;0 " x|y, < £|10],
as before. Rearranng, we have that with probability at least
1-4,

070070 < [[0]2€* log(1/4) n |0]|€ log(1/4)
Cm Cm
(160)
N6, c€los(1/5) , clollos1/5)
4c Cm Cm
(161)

where the second line follows from the AM-GM inequality.
Similarly, conditioned on the dataset D, the second term in
the triangle inequality may be bounded as

16126 log(1/6) n 16]1¢ 1og(1/3)

T n! T
679" =670 < Cm Cm
(162)
; € log(1/5)  &log(1/9)
(163)

with probability at least 1 — ¢. Finally the proof Theorem 1
shows that, with probability 1 — 4,

R de2
161 < 61+ = tog(2a/) (6
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Under both of these events, we have

o 70| < | [IPE10803) 9l log(1/o)

Cm Cm
(165)
Vg log*?(2d/6)  Vdg? log® (2d/5)
" Cm * (C'm)3/2
(166)
_ N6 clog(1/6)  [18l1¢log(1/5)
4c Cm Cm
(167)
| Vgt log™(2d/6) V€2 og”(2d/5)
Cm (C'm)3/2
(168)

where the second line again uses the AM-GM inequality.
Putting all three events together and applying the union
bound, we have with probability 1 — 34,

m

0TE 676 < @ o <c||9 max{¢?, ¢} log(1/0) | ev/dg? 1«5(%/6))

(169)

Simplifying the error term gives the result. O



